Discrete Mathematics 341 (2018) 934-945

Contents lists available at ScienceDirect

Discrete Mathematics

journal homepage: www.elsevier.com/locate/disc

l.)

Check for
updates

On the genus distributions of wheels and of related graphs

Yichao Chen?, Jonathan L. Gross ”*, Toufik Mansour ©

2 Department of Mathematics, Hunan University, 410082 Changsha, China
b Department of Computer Science, Columbia University, New York, NY 10027, USA
¢ Department of Mathematics, University of Haifa, 3498838 Haifa, Israel

ARTICLE INFO ABSTRACT

Article history: We are concerned with families of graphs in which there is a single root-vertex of
Received 3 April 2017 unbounded valence, and in which, however, there is a uniform upper bound for the valences
Received in revised form 4 December 2017 of all the other vertices. Using a result of Zagier, we obtain formulas and recursions for

Accepted 8 December 2017 the genus distributions of several such families, including the wheel graphs. We show that

the region distribution of a wheel graph is approximately proportional to the sequence
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Asymptotic values embeddings in surfaces whose genus is relatively near to the maximum genus. Here, we
Genus distribution generalize Stahl’s result to the entire genus distributions of wheels. Moreover, we derive
Wheel graph the genus distributions for four other graph families that have some similarities to wheels.
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1. Introduction

An embedding of a graph G into an orientable surface Sy is a cellular embedding, i.e., the interior of every face is
homeomorphic to an open disc. Two embeddings of G are equivalent if they have the same rotation system, which happens
if and only if there is an ambient isotopy from one embedding to the other. By the number of embeddings, we mean the
number of equivalence classes under this relation. We denote the number of embeddings of G on the surface Sy (of genus k)
by g5(k). The genus distribution of the graph G is the sequence

£6(0), go(1), g(2),

For any graph G, the region number r;(k) is the number of orientable embeddings of G such that the number of regions
is k. The region distribution of the graph G is defined as the sequence

rC(l)v rG(Z)’ rC(3)s

If G is a connected graph with p vertices and q edges then the genus distribution and the region distribution are related as
follows,

g(k) = 16(2 -2k —p+q),
according to Euler’s polyhedral formula.

Accordingly, any formula or recursion for the region distribution of a graph may also be regarded here as a formula or
recursion of the genus distribution, and vice versa.
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Fig. 1.1. The wheel graph W5s.

The minimum genus of a graph G, denoted y;,i,(G), and the maximum genus of G, denoted y,,.x(G), are the minimum
value and maximum value of g, respectively, for which the graph G has an embedding into a surface of genus g. Duke’s
interpolation theorem asserts that for any integer k such that yin(G) < k < ymax(G), there exists an embedding of G into the
surface Si. As a source on topological graph theory, we recommend [6].

1.1. Embeddings of wheels

The n-wheel W,, is a graph formed by connecting a single vertex (at the hub) to each of the vertices of a n-cycle (along
the rim). We regard the n-valent vertex as a root vertex, and we observe that all the vertices on the rim are 3-valent. Fig. 1.1
shows an embedding of the wheel graph W5 in the sphere Sg.

We observe that there are six regions. We have ry,,(6) = 2, since there are only two orientable embeddings of the wheel
Ws with six regions, the one shown in Fig. 1.1 and its mirror image. In general, it follows from the Euler polyhedral equation
that the possible region numbers of a given graph all have the same parity as the number n of vertices on the rim of the
wheel W,,.

The Stirling numbers of the first kind are defined to be the coefficients of the product

n
n
X(x+1)--- 1) = [ ] k.
(x+ 1) (etn—1) = 3 | |x
k=0
Following [3], we use the Karamata notation [} | for those Stirling numbers. It is well-known that the Stirling number [} ]

counts the number of permutations in X, that have exactly k orbits.

Stahl [12] observed that the characters of the symmetric group contain rich information regarding genus distributions of
some kinds of graphs. He used character-theoretic methods in [ 14] to obtain the following result for the region distribution
rw, (k) of the n-wheel graph. We see that it is restricted to the relatively smaller possible numbers of regions (and, thus, to
embeddings in surfaces whose genus is relatively close to maximum genus).

Theorem 1.1 ([14]). For 1 <k < n%, we have
0, if n=k(mod 2)

— 2n+1 n 2
Tw, (k) % (1 + O(: )) , otherwise. Y

Roughly speaking, we say that the values of ry, (k) are approximately proportional to the unsigned Stirling numbers of
the first kind.

1.2. An outline of this paper

In Section 2, we review and develop what we need from character theory. In Section 3, we use a formula of [16] to
generalize Theorem 1.1. We show that Eq. (1.1) holds for all possible numbers k of regions of an embedding of W,,. In
subsequent sections, we continue with character-theoretic methods and thereby obtain formulas and recursions for the
genus distributions of three other families of graphs with the following property:

The valences of the vertices are bounded, except for a single root-vertex, whose valence is unbounded.

The first family with this property whose genus distribution was derived was the sequence of bouquets B,,. A formula and
arecursion for the genus distribution of the bouquets was obtained by [5], based on a formula of [7]. Generalized fan graphs
were next [ 1]. The derivations of the formulas and recursions for both bouquets and fans depend on the theory of characters
of the symmetric group.
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