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1. Introduction

Theorems in Ramsey theory state that if a structure is in some suitable sense “large enough”, then it must contain a
fixed substructure. The classical Ramsey number of a graph G, denoted by R(G, s), is the smallest n such that K, SN G, where
H = Gdenotes that any s-coloring of the edges of H produces a monochromatic subgraph isomorphic to G. Classical Ramsey
numbers may be thought of in a more general setting, as just one type of parameter Ramsey number. Note that the classical
Ramsey number of G is min{|V(H)| : H N G}. For any monotone graph parameter p, one may define the p-Ramsey number
of G, denoted by R,(G, s), to be

min{p(H) : H > GJ.

This generalizes the classical Ramsey number as R,(G, s) is the Ramsey number for G when p(H) denotes the number
of vertices in H. The study of parameter Ramsey numbers dates back to the 1970s [7]. Since then, many researchers have
studied this quantity when p(H) is the clique number of H [12,23,25] (giving way to the study of Folkman numbers), when
p(H) is the number of edges in H [3,4,9-11,13,27] (now called the size Ramsey number), when p(H) = x(H) [7,28,29] or
when it is the circular chromatic number [15]. In this note we are interested in the degree Ramsey number, which is when
p(H) = A(H).

Burr, Erd6s, and Lovasz [7] showed that R4 (K, s) = R(Ky, s) — 1. Kinnersley, Milans, and West [ 18] and Jiang, Milans, and
West [ 16] proved several theorems regarding the degree Ramsey numbers of trees and cycles. Horn, Milans, and Rédl showed
that the family of closed blowups of trees is R,-bounded (that their degree Ramsey number is bounded by a function of the
maximum degree of the graph and s). The main open question in this area is whether the set of all graphs is R,-bounded
(see [8]).

The main result of this note is to determine the order of magnitude of R4(Cs, s) and R,(Cyo, s). Kang and Perarnau [17]
showed that Ry(C4,s) = ©(s?). For general k, the best lower bound that is true for all values k > 2 on R(Cy, $) is by
Kinnersley, Milans, and West [ 18] who show R4(Cy, s) > 2s. We substantially improve this lower bound in Theorem 1.3.
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As the determination of Ramsey numbers for Cyy is closely related to the Turan number for Cy;, one may find it natural
that the order of magnitude for R,(Cy, s) should be able to be determined for k € {2, 3, 5} but in no other cases. This is
also the current state of affairs for the Turan numbers ex(n, Cy;) as well as for the classical Ramsey numbers, where Li and
Lih [22] showed that R(Cy, s) = @ (s~ 1) for k € {2, 3, 5}.

Before we state our theorems, we need some preliminary definitions. For graphs H and G, we say that G contains H if
H is a (not necessarily induced) subgraph of G. For graphs F and G, a locally injective homomorphism from F to G is a graph
homomorphism ¢ : V(F) — V(G) such that for every v € V(F), the restriction of ¢ to the neighborhood of v is injective. Let
Lr denote the family of all graphs H such that there is a locally injective homomorphism from F to H. We say that a graph is
Lr-free if it does not contain any H € £¢. We now state our main theorem.

Theorem 1.1. R(Cg, s) = O(s?) and R4(C1o, 5) = O(s>/4).

To prove this theorem, we first show that the complete graph can be partitioned “efficiently” into graphs coming from
the generalized quadrangle and generalized hexagon. Then we use the following general theorem, which is implicit in the
work of Kang and Perarnau [17].

Theorem 1.2 (Kang-Perarnau [17]). Let F be a graph with at least one cycle and € > 0 be fixed and let G be a graph of maximum
degree A. Let f be a monotone non-decreasing function. If the edges of K, can be partitioned into f(n)O (n“f) Lg-free graphs,

then G can be partitioned into f(200A)0 (Al‘f) graphs which are F-free.
They did not state their theorem in this way, and for completeness we sketch its proof in Section 2. Stating it in this
general way allows us to improve the result of Kinnersley, Milans, and West [18].

Theorem 1.3. Let k be fixed withk > 2 and § = 0 if kis odd and § = 1 if kis even. Then

s 5575
RA(Co, s) = £2 (7) .
logs

The general nature of Theorem 1.2 also allows one to read off the following corollary.

Corollary 1.4. For a > (b — 1)}, Rs(Ky, 5) = O(s”).

We prove our main theorem and Corollary 1.4 in Section 3. We sketch the proof of Theorem 1.2 in Section 2 and use it to
prove Theorem 1.3 in Section 4.

2. Proof of Theorem 1.2

Throughout this section, assume that F is a graph with at least one cycle, that ¢ > 0 is fixed, and that the edges of K
can be partitioned into O(n'~¢) graphs which are £-free. Call a vertex coloring of a graph a proper rainbow coloring if the
coloring is proper, and the restriction of the coloring to any neighborhood is an injection (i.e. each vertex sees a rainbow).

Sketch of Proof of Theorem 1.2. To prove Theorem 1.2 we need the following lemma, which appearsin [17]. Similar lemmas
appear in [26] and [24].

Lemma 2.1. Let G be a graph of sufficiently large maximum degree A and minimum degree § > log® A. Then there is a spanning

subgraph H of G and a proper rainbow coloring x : V(H) — {1, ..., 200A} such that for all v € V(G), dy(v) > %dc(v).

This lemma allows us to use the partition of K, to partition a large piece of our graph G (viz H) into F-free subgraphs.

Proposition 2.2. Let G be a graph of sufficiently large maximum degree A and minimum degree 5 > log®A. There exist
[ = f(200A)0(A'=€) disjoint spanning subgraphs Hy, .. ., H,, all of which are F-free, such that for all v € V(G)

1
1
;dH,.(w > S5 de(v).

Proof. By assumption, the edge set of the complete graph Kygo4 on vertex set {1,...,200A} can be partitioned into
I = f(200A)0(A'~€) graphs which are £¢-free. Denote these graphs by Gy, .. ., G;. Let H be the spanning subgraph of G with
coloring x from Lemma 2.1. Recall that y is a proper rainbow coloring using at most 200A colors and that dy(v) > %dc(v)
for all v. For 1 < i < [, define graphs H; which are subgraphs of H by V(H;) = V(G) and uv € E(H;) if and only if

x(u)x(v) € E(G;) and uv € E(H).

Since Gy, ..., G; is a partition of E(Kg0, ), we have that Hy, ..., H; is a partition of H, and thus the minimum degree
condition is satisfied. To see that each H; is F-free, we claim that for each i, x is a locally injective homomorphism from H; to
G;. To see this, note that the definition of E(H;) guarantees that x is a homomorphism from H; to G;, and x being a rainbow
coloring implies that the homomorphism is locally injective. Since G; is L¢-free, we have that H; is F-free. ®
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