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a b s t r a c t

Craigen introduced and studied signed group Hadamard matrices extensively and even-
tually provided an asymptotic existence result for Hadamard matrices. Following his lead,
Ghaderpour introduced signed group orthogonal designs and showed an asymptotic exis-
tence result for orthogonal designs and consequently Hadamardmatrices. In this paper, we
construct some interesting families of orthogonal designs using signed group orthogonal
designs to show the capability of signed group orthogonal designs in generation of different
types of orthogonal designs.

© 2017 Elsevier B.V. All rights reserved.

1. Preliminaries

A Hadamardmatrix [7,16] is a square matrix with entries from {±1} whose rows are pairwise orthogonal. An orthogonal
design (OD) [2,7,16] of order n and type (c1, . . . , ck), denoted byOD(n; c1, . . . , ck), is a squarematrix X of order nwith entries
from {0, ±x1, . . . ,±xk} that satisfies

XXT
=

( k∑
j=1

cjx2j
)
In,

where the cj’s are positive integers, the xj’s are commuting variables, In is the identitymatrix of ordern, andXT is the transpose
of X . An OD with no zero entry is called a full OD. A Hadamard matrix can be obtained by equating all variables of a full OD
to 1. The maximum number of variables in an OD of order n = 2ab, b odd, is ρ(n) = 8c + 2d, where a = 4c + d, 0 ≤ d < 4.
This number is called Radon-Hurwitz number [7, Chapter 1].

A complex orthogonal design (COD) [2,6,8] of order n and type (c1, . . . , ck), denoted by COD(n; c1, . . . , ck), is a square
matrix X of order nwith entries from {0, ±x1, ±ix1, . . . ,±xk, ±ixk} that satisfies

XX∗
=

( k∑
j=1

cjx2j
)
In,

where the cj’s are positive integers, the xj’s are commuting variables, and ∗ is the conjugate transpose.
Two matrices A and B of the same dimension are called disjoint [7,10,16] if the matrix computed via entrywise

multiplication of A and B is a zero matrix. Pairwise disjoint matrices such that their sum has no zero entries are called
supplementary [2,7].
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The Kronecker product [7,10] of two matrices A = [aij] and B of ordersm × n and r × s, respectively, denoted by A ⊗ B, is
defined by

A ⊗ B :=

⎡⎢⎢⎣
a11B a12B · · · a1nB
a21B a22B · · · a2nB

...
...

am1B am2B · · · amnB

⎤⎥⎥⎦,

that is a matrix of ordermr × ns.
The non-periodic autocorrelation function [11] of a sequence A = (x1, . . . , xn) of commuting square complex matrices of

orderm, is defined by

NA(j) :=

⎧⎪⎨⎪⎩
n−j∑
i=1

xi+jx∗

i if j = 0, 1, 2, . . . , n − 1,

0 j ≥ n,

where ∗ is the conjugate transpose. A set {A1, A2, . . . , Aℓ} of sequences (not necessarily in the same length) is said to have
zero autocorrelation if for all j > 0,

∑ℓ

k=1NAk (j) = 0. Sequences having zero autocorrelation are called complementary [7].
A pair (A; B) of {±1}-complementary sequences of length n is called a Golay pair of length n. A Golay number is a positive

integer n such that there exists a Golay pair of length n. Similarly, a pair (C;D) of {±1, ±i}-complementary sequences of
length m is called a complex Golay pair of length m. A complex Golay number is a positive integer m such that there exists a
complex Golay pair of lengthm [3,4,7].

A signed group S [2,3,8] is a groupwith a distinguished central element of order two.We denote the unit of a signed group
by 1 and the distinguished central element of order two by −1. In every signed group, the set {1, −1} is a normal subgroup,
and the order of signed group S is the number of elements in the quotient group S/

⟨
−1
⟩
. Therefore, a signed group of order

n is a group of order 2n.
For instance, the trivial signed group SR = {1, −1} is a signed group of order 1, the complex signed group SC =

⟨
i :

i2 = −1
⟩
= {±1, ±i} is a signed group of order 2, the quaternion signed group SQ =

⟨
j, k : j2 = k2 = −1, jk = −kj

⟩
={

±1, ±j, ±k, ±jk
}
is a signed group of order 4, and the set of all monomial {0, ±1}-matrices of order n, SPn, forms a group

of order 2nn! and a signed group of order 2n−1n!. The distinguished central elements of SR, SC and SQ are all −1, and the
distinguished central element of SPn is −In, where In is the identity matrix of order n.

A signed group S ′ is called a signed subgroup [2,3] of a signed group S, denoted by S ′
≤ S, if S ′ is a subgroup of S, and the

distinguished central elements of S ′ and S coincide. As an example, we have SR ≤ SC ≤ SQ .
Let S be a signed group and T ≤ SPn. A remrep (real monomial representation) [2,3,5] of degree n is a map φ : S → T such

that for all a, b ∈ S, φ(ab) = φ(a)φ(b) and φ(−1) = −In.
If R is a ring with unit 1R, and S is a signed group with distinguished central element −1S , then R[S] :=

{∑n
i=1siri : si ∈

ϱ, ri ∈ R
}
is a signed group ring [2,3], where ϱ is a set of coset representatives of S modulo

⟨
−1S

⟩
. The set ϱ is often referred

to as a transversal of
⟨
−1S

⟩
in S. For s ∈ ϱ, r ∈ R, we make the identification −sr = s(−r). Addition is defined termwise,

and multiplication is defined by linear extension. For instance, s1r1(s2r2 + s3r3) = s1s2r1r2 + s1s3r1r3, where si ∈ ϱ, ri ∈ R
i ∈ {1, 2, 3}.

In this work, we choose R = R. If x ∈ R[S], then x =
∑n

i=1siri, where si ∈ ϱ, ri ∈ R, and we define the conjugate of
x by x :=

∑n
i=1siri =

∑n
i=1s

−1
i ri. Clearly, the conjugate is an involution that is x = x for all x ∈ R[S], and xy = ȳx̄ for

all x, y ∈ R[S]. As some examples, for any a, b ∈ R, we have a + ib = a + īb = a + i−1b = a − ib, where i ∈ SC, and
ja + jkb = j−1a + (jk)−1b = −ja − jkb, where j, k ∈ SQ .

A circulant matrix C [2,7,10] is a square matrix whose each row vector is rotated one element to the right with respect
to the previous row vector, and we denote it by circ

(
a1, a2, . . . , an

)
, where

(
a1, a2, . . . , an

)
is its first row. The circulant

matrix C can be written as C = a1In +
∑n−1

k=1ak+1Uk, where U = circ
(
0, 1, 0, . . . , 0

)
(see [7, Chapter 4]). Therefore, any two

circulant matrices of order nwith commuting entries commute. If C = circ
(
a1, a2, . . . , an

)
, then C∗

= circ
(
a1, an, . . . , a2

)
,

where ∗ is the conjugate transpose.
Suppose that A =

(
a1, a2, . . . , an

)
is a sequence whose nonzero entries are elements of a signed group S multiplied on

the right by variables xi’s (1 ≤ i ≤ k). We use AR to denote a sequence whose elements are those of A, conjugated and in
reverse order [4,9] that is AR =

(
an, . . . , a2, a1

)
.

A signed group weighing matrix (SW) [3,5] of order n and weight w over a signed group S, denoted by SW (n, w, S), is a
(0, S)-matrix (that is a matrix whose nonzero entries are in S)W such thatWW ∗

= wIn, where ∗ is the conjugate transpose.
An SW over S with no zero entry (w = n) is called a signed group Hadamard matrix (SH) over S [2,3], denoted by SH(n, S).
Note that the matrix operations for SWs and SHs are in the signed group ring Z[S].

Two square matrices A and B are called amicable if AB∗
= BA∗, and they are called anti-amicable if AB∗

= −BA∗, where ∗

is the conjugate transpose [2,7,8,16]. If the entries of A and B belong to a signed group ring, then the matrix operations are
in the signed group ring as mentioned above.
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