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a b s t r a c t

Let F2m be a finite field of cardinality 2m, R = F2m [u]/⟨u4
⟩ and n be an odd positive

integer. For any δ, α ∈ F×

2m , ideals of the ring R[x]/⟨x2n − (δ + αu2)⟩ are identified as
(δ+αu2)-constacyclic codes of length 2n overR. In this paper, an explicit representation and
enumeration for all distinct (δ +αu2)-constacyclic codes of length 2n over R are presented.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Algebraic coding theory deals with the design of error-correcting and error-detecting codes for the reliable transmission
of information across noisy channel. The class of constacyclic codes plays a very significant role in the theory of error-
correcting codes. It includes as a subclass the important class of cyclic codes, which has been well studied since the late
1950s. Constacyclic codes also have practical applications as they can be efficiently encoded with simple shift registers. This
family of codes is thus interesting for both theoretical and practical reasons.

Let Γ be a commutative finite ring with identity 1 ̸= 0, and Γ × be the multiplicative group of invertible elements of Γ .
For any a ∈ Γ , we denote by ⟨a⟩Γ , or ⟨a⟩ for simplicity, the ideal of Γ generated by a, i.e. ⟨a⟩Γ = aΓ = {ab | b ∈ Γ }. For any
ideal I of Γ , we will identify the element a + I of the residue class ring Γ /I with a (mod I) for any a ∈ Γ in this paper.

A code of length N over Γ is a nonempty subset C of Γ N
= {(a0, a1, . . . , aN−1) | aj ∈ Γ , j = 0, 1, . . . ,N − 1}. The code C

is said to be linear if C is a Γ -submodule of Γ N . All codes in this paper are assumed to be linear. Let λ ∈ Γ ×. A linear code
C of length N over Γ is called a λ-constacyclic code if (λcN−1, c0, c1, . . . , cN−2) ∈ C for all (c0, c1, . . . , cN−1) ∈ C. Particularly,
C is called a negacyclic code if λ = −1, and C is called a cyclic code if λ = 1. For any a = (a0, a1, . . . , aN−1) ∈ Γ N , let
a(x) = a0 + a1x+ · · ·+ aN−1xN−1

∈ Γ [x]/⟨xN − λ⟩. We will identify awith a(x) in this paper. Then C is a λ-constacyclic code
of length N over Γ if and only if C is an ideal of the residue class ring Γ [x]/⟨xN − λ⟩ (cf. [11] Propositions 2.2).

Let Fq be a finite field of cardinality q, where q is power of a prime, and denote R = Fq[u]/⟨ue
⟩ = Fq + uFq + · · ·+ ue−1Fq

(ue
= 0) where e ≥ 2. Then R is a finite chain ring. When e = 2, there was a lot of literatures on linear codes, cyclic codes

and constacyclic codes of length N over rings Fpm [u]/⟨u2
⟩ = Fpm + uFpm for various prime p and positive integers m and N .

See [2,4,5,10–13,15] and [19], for example.
When e ≥ 3, for the case of p = 2 and m = 1 Abualrub and Siap [1] studied cyclic codes over the ring Z2 + uZ2 and

Z2 + uZ2 + u2Z2 for arbitrary length N , then Al-Ashker and Hamoudeh [3] extended some of the results in [1], and studied
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cyclic codes of an arbitrary length over the ringZ2+uZ2+u2Z2+· · ·+uk−1Z2 (uk
= 0) for the rank andminimal spanning of

this family of codes. For the case ofm = 1, Han et al. [14] studied cyclic codes over R = Fp+uFp+· · ·+uk−1Fp with length psn
using discrete Fourier transform. Singh et al. [20] studied cyclic code over the ringZp[u]/⟨uk

⟩ = Zp+uZp+u2Zp+· · ·+uk−1Zp
for any prime integer p and positive integer N . A set of generators, the rank and the Hamming distance of these codes were
investigated. Kai et al. [16] investigated (1 + λu)-constacyclic codes of arbitrary length over Fp[u]/⟨um

⟩, where λ ∈ F×
p .

Cao [6] generalized these results to (1 + wγ )-constacyclic codes of arbitrary length over an arbitrary finite chain ring R,
where w is a unit of R and γ generates the unique maximal ideal of R. Sobhani et al. [22] showed that the Gray image of a
(1 − ue−1)-constacyclic code of length n is a length pm(e−1)n quasi-cyclic code of index pm(e−1)−1.

Sobhani [21] determined the structure of (δ + αu2)-constacyclic codes of length pk over Fpm [u]/⟨u3
⟩ completely, where

δ, α ∈ F×

pm , and proposed some open problems and further research in this area: characterize (δ + αu2)- constacyclic codes
of length pk over the finite chain ring Fpm [u]/⟨ue

⟩ for e ≥ 4. As a natural extension, the following problem is more worthy of
study: characterize (δ + αu2)- constacyclic codes of arbitrary length N over the finite chain ring Fpm [u]/⟨ue

⟩ for e ≥ 4, where
N = pkn, k is a positive integer and n ∈ Z+ satisfying gcd(p, n) = 1.

Recently, using the theory ofmodules over finite chain rings Cao et al. [7] provided a newway different from themethods
used in [8], [16], [20] and [21] to determine the algebraic structures of (δ + αu2)-constacyclic codes and their dual codes
over the ring F3m [u]/⟨u4

⟩ of length 3nwhere n is an arbitrary positive integer satisfying gcd(3, n) = 1.
In this paper, using the main idea of [7], we study the latter problem for the special case of p = 2, k = 1, n is an odd

positive integer and e = 4. But the key results and techniques in [7] Lemma 3.5 and its proof cannot be applied to this
situation directly. We have to solve this problem by developing new methods and techniques (see Lemma 3.5, Theorem 2.2
and its proof in Appendix of this paper).

From now on, we adopt the following notations.

Notation 1.1. Let δ, α ∈ F×

2m and n be an odd positive integer. We denote
• R = F2m [u]/⟨u4

⟩ = F2m + uF2m + u2F2m + u3F2m (u4
= 0), which is a finite chain ring of 24m elements.

• A = F2m [x]/⟨(x2n − δ)2⟩, which is a principal ideal ring and |A| = 24mn.
• A[u]/⟨u2

− α−1(x2n − δ)⟩ = A + uA (u2
= α−1(x2n − δ)), where A + uA = {ξ0 + uξ1 | ξ0, ξ1 ∈ A} with operations

defined by
⋄ (ξ0 + uξ1) + (η0 + uη1) = (ξ0 + η0) + u(ξ1 + η1),
⋄ (ξ0 + uξ1)(η0 + uη1) = ξ0η0 + α−1(x2n − δ)ξ1η1 + u(ξ0η1 + ξ1η0),

for all ξ0, ξ1, η0, η1 ∈ A.

The present paper is organized as follows. In Section 2, we sketch the basic theory of finite commutative chain rings and
linear codes over finite commutative chain rings. In Section 3, we provide an explicit representation for each (δ + αu2)-
constacylic code over R of length 2n and give a formula to count the number of codewords in each code. As a corollary, we
obtain a formula to count the number of all such codes. Finally, we list all 258741 distinct (1+u2)-constacylic codes of length
14 over F2[u]/⟨u4

⟩ in Section 4.

2. Preliminaries

In this section, we sketch the basic theory of finite commutative chain rings and linear codes over finite commutative
chain rings needed in this paper.

Now, let K be an arbitrary commutative finite chain ring with 1 ̸= 0, π be a fixed generator of the maximal ideal of K
with nilpotency index 4, and F the residue field of K modulo its ideal ⟨π⟩ = πK, i.e. F = K/⟨π⟩. It is known that |F | is a
power of a prime number, and there is a unit ξ of K with multiplicative order |F | − 1 such that every element a ∈ K has a
unique π-adic expansion: a0 + πa1 + π2a2 + π3a3, a0, a1, a2, a3 ∈ T , where T = {0, 1, ξ , . . . , ξ |F |−2

} is the Teichmüller set
of K (cf. Nechaev [17]). Hence |K| = |F |

4. If a ̸= 0, the π-degree of a is defined as the least index j ∈ {0, 1, 2, 3} for which
aj ̸= 0 and written for ∥a∥π = j. If a = 0 we write ∥a∥π = 4. It is clear that a ∈ K× if and only if a0 ̸= 0, i.e. ∥a∥π = 0. Hence
|K×

| = (|F | − 1)|F |
3. Moreover, we have K/⟨π0

⟩ = {0} and K/⟨π l
⟩ = {

∑l−1
i=0π

iai | a0, . . . , al−1 ∈ T } with |K/⟨π l
⟩| = |F |

l,
1 ≤ l ≤ 3.

Let L be a positive integer and KL
= {(α1, . . . , αL) | α1, . . . , αL ∈ K} the free K-module under componentwise addition

and scalar multiplication with elements from K. Then K-submodules of KL are linear codes of length L over K. Let C be a
linear code over K of length L. By [18] Definition 3.1, a matrix G is called a generator matrix for C if the rows of G span C and
none of them can be written as a K-linear combination of the other rows of G. Furthermore, a generator matrix G is said to
be in standard form if there is a suitable permutation matrix U of size L × L such that

G =

⎛⎜⎜⎝
π0Ik0 M0,1 M0,2 M0,3 M0,4
0 π Ik1 πM1,2 πM1,3 πM1,4

0 0 π2Ik2 π2M2,3 π2M2,4

0 0 0 π3Ik3 π3M3,4

⎞⎟⎟⎠U (1)

where the columns are grouped into blocks of sizes k0, k1, k2, k3, kwith ki ≥ 0 and k = L− (k0 + k1 + k2 + k3). Of course, if
ki = 0, the matrices π iIki and π iMi,j (i < j) are suppressed in G. From [18] Proposition 3.2 and Theorem 3.5, we deduce the
following.
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