
Please cite this article in press as: R. Li, T. Han, Arc-disjoint hamiltonian paths in non-round decomposable local tournaments, Discrete Mathematics
(2017), http://dx.doi.org/10.1016/j.disc.2017.07.024.

Discrete Mathematics ( ) –

Contents lists available at ScienceDirect

Discrete Mathematics

journal homepage: www.elsevier.com/locate/disc

Arc-disjoint hamiltonian paths in non-round decomposable
local tournaments
Ruijuan Li *, Tingting Han
School of Mathematical Sciences, Shanxi University, Taiyuan, Shanxi, 030006, PR China

a r t i c l e i n f o

Article history:
Received 21 June 2016
Received in revised form 24 July 2017
Accepted 25 July 2017
Available online xxxx

Keywords:
Local tournament
Semicomplete decomposition
Arc-disjoint
Hamiltonian path
Hamiltonian cycle

a b s t r a c t

Thomassen proved that a strong tournament T has a pair of arc-disjoint Hamiltonian paths
with distinct initial vertices and distinct terminal vertices if and only if T is not an almost
transitive tournament of odd order, where an almost transitive tournament is obtained
from a transitive tournament with acyclic ordering u1, u2, . . . , un (i.e., ui → uj for all
1 ≤ i < j ≤ n) by reversing the arc u1un. A digraph D is a local tournament if for
every vertex x of D, both the out-neighbors and the in-neighbors of x induce tournaments.
Bang-Jensen, Guo, Gutin and Volkmann split local tournaments into three subclasses: the
round decomposable; the non-round decomposable which are not tournaments; the non-
rounddecomposablewhich are tournaments. In 2015,weproved that every 2-strong round
decomposable local tournament has a Hamiltonian path and a Hamiltonian cycle which
are arc-disjoint if and only if it is not the second power of an even cycle. In this paper, we
discuss the arc-disjoint Hamiltonian paths in non-round decomposable local tournaments,
and prove that every 2-strong non-rounddecomposable local tournament contains a pair of
arc-disjoint Hamiltonian paths with distinct initial vertices and distinct terminal vertices.
This result combining with the one on round decomposable local tournaments extends the
above-mentioned result of Thomassen to 2-strong local tournaments.

© 2017 Elsevier B.V. All rights reserved.

1. Terminology and introduction

In this paper, we consider finite digraphs without loops and multiple arcs. The main source for terminology and notation
is [3].

For an integer n, [n] will denote the set {1, 2, 3, . . . , n}.
Let D = (V , A) be a digraph, if there is an arc from a vertex x to y, we say that x dominates y and denote it by x → y. If V1

and V2 are disjoint subsets of vertices of D such that there is no arc from V2 to V1 and a → b for all a ∈ V1 and b ∈ V2, then
we say that V1 completely dominates V2 and denote this by V1 ⇒ V2. We shall use the same notation when V1 and V2 are
subdigraphs of D. Let N−(x) (respectively, N+(x)) denote the set of vertices dominating (respectively, dominated by) x in D
and say that N−(x) (respectively, N+(x)) is the in-neighborhood of x (respectively, the out-neighborhood of x). The vertices
in N−(x) and N+(x) are called the in-neighbors and out-neighbors of x.

Let H be a subdigraph of D, if V (D) = V (H), we say that H is a spanning subdigraph of D. If every arc of A(D) with both
end-vertices in V (H) is in A(H), we say that H is induced by X = V (H) and denote this by D⟨X⟩. We also use the notation
D − X , where X ⊆ V , for the digraph D⟨V (D) \ V (X)⟩.

Let D1,D2 be two subdigraphs of a digraph D. The union D1 ∪ D2 is the digraph D with vertex set V (D1) ∪ V (D2) and arc
set A(D1) ∪ A(D2).
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Fig. 1. A round digraph and the second power of an 8-cycle.

Paths and cycles in a digraph are always directed. Let P be a directed path of a digraph D. If V (P) = V (D), then P is a
Hamiltonian path of D. Similarly, let C be a directed cycle of a digraph D. If V (C) = V (D), then C is a Hamiltonian cycle of D.

LetW = x1x2 . . . xk be a cycle or a path, where xi’s are vertices for i ∈ [k] and xi → xi+1 for i ∈ [k− 1] (Recall that x1 = xk
ifW is a cycle). We use the following notation for a subpath ofW :

W [xi, xj] = xixi+1 . . . xj.

Let P1, P2, . . . , Pq be paths and C1, C2, . . . , Ct be cycles which are vertex-disjoint pairwise. If F = P1 ∪ P2 ∪ · · · ∪ Pq is a
spanning subdigraph of D, then F is called a q-path factor of D. If F = C1 ∪ C2 ∪ · · · ∪ Ct is a spanning subdigraph of D, then
F is called a t-cycle factor of D. If F = P1 ∪ P2 ∪ · · · ∪ Pq ∪ C1 ∪ C2 ∪ · · · ∪ Ct is a spanning subdigraph of D, then F is called
a q-path-cycle factor of D.

The underlying graph of a digraph D is the graph obtained by ignoring the orientations of arcs in D and deleting parallel
edges. We say that D is connected if its underlying graph is connected. In this paper, we only consider connected digraphs.

A digraph D = (V , A) is called strongly connected (or just strong) if there exists a path from x to y and a path from y to x
in D for every choice of distinct vertices x, y of D, and D is k-arc-strong (respectively, k-strong) if D − X is strong for every
subset X ⊆ A (respectively, X ⊆ V ) of size at most k − 1. Note that a digraph with only one vertex is strong.

A strong component of a digraph D is a maximal induced subdigraph of D which is strong. For any non-strong digraph
D, we can label its strong components D1,D2, . . . ,Dp, p ≥ 2, in such a way that there is no arc from Dj to Di when j > i.
We call D1,D2, . . . ,Dp an acyclic ordering of the strong components of D. We call D1 the initial and Dp the terminal strong
component of D.

If D is strong and S ⊂ V (D) such that D − S is not strong, then S is called a separator of D. A separator S is minimal if no
proper subset of S is a separator of D.

A digraph D is semicomplete if, for every pair x, y of vertices of D, either x dominates y or y dominates x (or both). A
digraph D is locally semicomplete if for every vertex x, the out-neighborhood of x induces a semicomplete digraph and the
in-neighborhood of x induces a semicomplete digraph. A semicomplete digraph without a 2-cycle is a tournament and a
locally semicomplete digraph without a 2-cycle is a local tournament.

A tournament is called transitive if it contains no cycle. It is easy to see that, for a transitive tournament T , there is a
unique vertex ordering v1, v2, . . . , vn of T , such that vi → vj for all 1 ≤ i < j ≤ n. A tournament is almost transitive if it is
obtained from the transitive tournament T by reversing the arc v1vn.

A digraph R on r vertices is round if we can label its vertices x1, x2, . . . , xr so that for each i, we have N+

R (xi) =

{xi+1, xi+2, . . . , xi+d+

R (xi)
} and N−

R (xi) = {xi−d−

R (xi)
, . . . , xi−2, xi−1} (all subscripts are taken modulo r). Note that every round

digraph is locally semicomplete and a round digraph without a 2-cycle is a local tournament. If a local tournament R is
round then there exists a unique (up to cyclic permutations) labeling of vertices of R which satisfies the properties in the
definition. We refer to this as the round labeling of R. See Fig. 1(a) for an example of a round digraph R. Observe that the
ordering x1, x2, . . . , x6 is a round labeling of R. The second power of a cycle Cn, denoted by C2

n , is the digraph obtained from
Cn by adding the arcs {xixi+2 : i ∈ [n]}, where Cn = x1x2 . . . xnx1 and subscripts are modulo n. Clearly, C2

n is a round digraph.
See Fig. 1(b), the second power of an 8-cycle.

Let R be a digraph with vertex set {xi : i ∈ [r]}, and D1,D2, . . . ,Dr be digraphs which are pairwise vertex-disjoint. Let
D = R[D1,D2, . . . ,Dr ] be the new digraph obtained from R by replacing xi with Di and adding arc from every vertex of
Di to every vertex of Dj if and only if xi → xj in R. If R is a round digraph and each Di is a strong semicomplete digraph,
it is easy to see that D = R[D1,D2, . . . ,Dr ] is a locally semicomplete digraph. We call D a round decomposable locally
semicomplete digraph and R[D1,D2, . . . ,Dr ] a round decomposition of D. If a round decomposable locally semicomplete
digraph D = R[D1,D2, . . . ,Dr ] has no 2-cycle (i.e. the round digraph R has no 2-cycle and each Di, i ∈ [r] is a strong
tournament or a single vertex), we say that D is a round decomposable local tournament.

Locally semicomplete digraphs were introduced in 1990 by Bang-Jensen [1]. The following theorem, due to Bang-Jensen,
Guo, Gutin and Volkmann, stated a full classification of locally semicomplete digraphs.
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