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g and L(n, k)r count the number
of ways of partitioning the set [n] := {1,2,...,n} into k non-
empty subsets, cycles and lists, respectively, with each block
having cardinality in R. We refer to these as the R-restricted

Keywords:

Stirling numbers Stirling numbers of the second kind, R-restricted unsigned
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Riordan group of the second kind, unsigned Stirling numbers of the first
Reversion kind, and Lah numbers are {Z} = {Z}N, [Z] = [Z}N and
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L(n, k) = L(n, k)N, respectively.

It is well-known that the infinite matrices [{:Hn,kZh [[Z]]n,kzl
and  [L(n,k)ln k=1 have inverses  [(—1)"7F[]lnx>1,
()" *{ Hnr>1 and [(—1)""*L(n, k)]nk>1 respectively.
The inverse matrices [{Z}R]ﬁczv [[Z]R ;,1kzl and
[L(n, k)R};ﬁOl exist and have integer entries if and only if
1 € R. We express each entry of each of these matrices
as the difference between the cardinalities of two explicitly
defined families of labeled forests. In particular the entries of
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[{Z}[r]];,lkzl have combinatorial interpretations, affirmatively
answering a question of Choi, Long, Ng and Smith from 2006.
If we have 1,2 € R and if for all n € R with n odd and n > 3,
we have n =1 € R, we additionally show that each entry
of ({1} ldors [ plnksr and [Lin,k)r],hsy is up to an
explicit sign the cardinality of a single explicitly defined family
of labeled forests. With R as before we also do the same for
restriction sets of the form R(d) = {d(r—1)+1:r € R} for all
d > 1. Our results also provide combinatorial interpretations
of the kth Whitney numbers of the first and second kinds of
1%, the poset of partitions of [n] that have each part size
congruent to 1 mod d.

© 2018 Published by Elsevier Inc.

1. Introduction

For all integers n,k > 1, let {}'}, [}], and L(n, k) be the classical Stirling numbers
of the second kind, unsigned Stirling number of the first kind, and Lah numbers, re-
spectively. These numbers are defined as follows: {Z} is the number of partitions of
[n] := {1,2,...,n} into k non-empty subsets, [Z] is the number of partitions of [n]
into k non-empty cyclically ordered sets, i.e. cycles, and L(n, k) is the number of par-
titions of [n] into k non-empty linearly ordered sets, i.e. lists. All of our partitions will
be unordered unless we specify otherwise. Let Sy := [{Z}]mkzl’ Si = [[Z]]n,kzlv and
L := [L(n,k)|nk>1 be infinite matrices with rows and columns indexed by the natu-
ral numbers N := {1,2,...}. In this notation n is the row index and k is the column
index. It is well-known that S5 ' = [(=1)" % [?]],k>1, S7' = [(=1)"*{¥}nk>1 and
L7t = [(=1)" ¥ L(n, k)]n x>1. In particular, each entry of each inverse matrix has, up to
sign, a combinatorial interpretation.

We consider the following generalizations of Stirling and Lah numbers.

Definition 1.1. For R C N the R-restricted Stirling number of the second kind, {Z}R,
is the number of partitions of [n] into & non-empty subsets such that the cardinality
of each subset is restricted to lie in R. Analogously, the R-restricted unsigned Stirling
numbers of the first kind [Z}R and R-restricted Lah numbers L(n,k)r are the numbers
of partitions of [n] into k cycles and lists, respectively, with cardinalities restricted to lie
in R.

Note that we recover the classical Stirling numbers of both kinds and the Lah numbers
by taking R to be N (e.g. {7}, = {1} etc.).

Various instances of restricted numbers have appeared in the literature. Comtet [8,
page 222] introduced r-associated Stirling numbers of the second kind, {Z}R with R =
{r,r+1,7+2,...}, and obtained recurrence relations and generating functions for them.
Belbachir and Bousbaa [2] studied r-associated Lah numbers, L(n,k)r also with R =
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