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chromatic edges, and tight bounds on the number of indepen-
dent sets of a given size in cubic graphs of girth at least 5.
© 2018 Elsevier Inc. All rights reserved.

1. Introduction

The matching polynomial (or matching generating function) of a graph G is the
function
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where the sum is over M(G), the set of all matchings in the graph G. Analogously, the
independence polynomial of a graph G is
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where Z(G) is the set of all independent sets of G. In statistical physics, ZZatch())
and Z%4(\) are the partition functions of the monomer-dimer and hard-core models
respectively.

The following theorems give a tight upper bound on ZZatt()\) and ZZ4(\) over the
family of all d-regular graphs.

Theorem 1 (Davies, Jenssen, Perkins, Roberts [9]). For any d-regular graph G and any
A>0,

log ZE2teh()) < = log ZRM(N).
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Theorem 2 (Kahn [21,22], Galvin—Tetali [17], Zhao [32]). For any d-regular graph G and
any A > 0,

1 i in
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In particular, if we set A = 1, then the two theorems say that if 2d divides n, then the
total number of matchings and the number of independent sets in any d-regular graph
on n vertices is at most that of the graph H,, consisting of n/2d copies of Ky 4. For
much more on such extremal problems for regular graphs, see the notes of Galvin [16],
survey of Zhao [33], and paper of Csikvari [5].

In this paper we will address two strengthenings of results of the form above and how
they are related. The first possible strengthening of Theorems 1 and 2 is that Hg ,, might
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