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we study the maximum size of a non-trivially intersecting
Extremal set theory family in a natural “multi-part” setting. Here the ground set
Intersecting families is divided into parts, and one considers families of sets whose
Erdés—Ko—Rado theorem intersection with each part is of a prescribed size. Our work is
Hilton—Milner theorem motivated by classical results in the single-part setting due to
Erdés, Ko and Rado, and Hilton and Milner, and by a theorem
of Frankl concerning intersecting families in this multi-part
setting. In the case where the part sizes are sufficiently large
we determine the maximum size of a non-trivially intersecting
multi-part family, disproving a conjecture of Alon and Katona.
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1. Introduction

We say that a family of sets F is intersecting if the intersection of any two of its sets
is non-empty. Moreover, we say that F is trivially intersecting if there is an element
i such that i € F for each set F' € F. The Erdés—-Ko-Rado theorem [9] says that if
F C (") is an intersecting family of k-element subsets of an n-element ground set, and
if 1 <k <n/2 then
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n—1
1= (520):

This bound is sharp: it is attained, for example, by the trivially intersecting family
FERR (n k) consisting of all k-element subsets of [n] which contain 1. In fact, for k < n/2
this is essentially the only extremal family. We remark that if k& > n/2 then ([Z]) itself is
intersecting.

The Erdos-Ko-Rado theorem is of fundamental importance in extremal set theory,
and many related questions have been asked and answered. In particular, Hilton and
Milner [17] proved a stability version of the Erdés-Ko-Rado theorem, showing that for

2 < k < n/2, the maximum size of a non-trivially intersecting family F C ([Z]) is

MEM (k) = (Z:D - (”;f;l) +1.

This bound is sharp: it is attained, for example, by the family 7™M (n, k) consisting of the
set F'={2,...,k + 1}, in addition to all possible sets that contain 1 and intersect F'. Note
that this family is significantly smaller than the Erdés—-Ko—Rado bound. In particular,
for constant k and n — oo, we have |F™ (n, k)| = o (|F*¥R (n, k)|). We remark that if
k = 1 then every intersecting family is trivially intersecting.

1.1. Multi-part intersecting families

A natural “multi-part” extension of the Erdés—Ko—Rado problem was introduced
by Frankl [12], in connection with a result of Sali [20] (see also [13]). For p > 1 and
ni,...,np > 1, our ground set is [> . ns] = {1,2,...,> ns}. We interpret this ground
set as the disjoint union of p parts [n],...,[n,] and we write [ n,] = ||, [n,]. More
generally, for sets Fy € 2™l . Fp € 2[m0] let | |, F, be the subset of | |, [ns] with Fj
in part s, and for families F; C 2[”1],...,]-"1, C 2[m] let [I. Fs = {Ws Fs : Fs € Fo}.
Consider ky € [n1], ...k, € [n,], so that [], ([Z]) is the collection of all subsets of | ], [ns]
which have exactly ks elements in each part s. Families of the form F C [], ([Z]) are
the natural generalization of k-uniform families to the multi-part setting. Note that a
multi-part family is intersecting if any two of its sets intersect in at least one of the parts.

Frankl proved that for any p > 1, any n1,...,n, and any ki,...,k, satisfying 1 <
ks < n,/2, the maximum size of a multi-part intersecting family F C [ ([" ]) is

ke
ng — 1 n ky L
max *) = | max = .
te[p] (kt — 1) Sl;lt (ks> (te[p] nt) szl_ll (k‘s)

This bound is sharp: it is attained, for example, by a product family of the form
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