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1. Introduction

The regular complete ¢-partite graphs K;xs (s,t positive integers at least 2) with
valency k = (t — 1)s have smallest eigenvalue —s = —k/(t — 1), and hence, for fixed ¢
there are infinitely many of them. (For notations and explanations of the graphs, see
next section and [2] or [13].) In this paper we will show that these graphs are exceptional
graphs for the class of distance-regular graphs. Namely, we will show the following valency
bound for distance-regular graphs with a relatively large, in absolute value, smallest
eigenvalue.

Theorem 1.1. For any real number « € (0,1) and any integer D > 2, there are finitely
many coconnected non-bipartite distance-reqular graphs with valency k at least two and
diameter D, having smallest eigenvalue O, not larger than —ak.

Remarks. (i) Note that the condition that the graphs are not bipartite is essential, as —k
is an eigenvalue of bipartite regular graphs with valency k and there are infinitely many
bipartite distance-regular graphs with diameter 3, for example the point-block incidence
graphs of projective planes of order ¢, where ¢ is a prime power. For diameter 4 this is
also true, for example, the Hadamard graphs.

(ii) Note that the same result is not true if you replace the absolute value of the
smallest eigenvalue by the second largest eigenvalue. For example, the Johnson graph
J(n,D) n > 2D > 4, has valency D(n — D) and second largest eigenvalue (n — D —
1)(D — 1) — 1. So for fixed diameter D > 3, there are infinitely many Johnson graphs
J(n, D) with second largest eigenvalue larger than k/2.

(iii) The only distance-regular graphs that are not coconnected are the complete
multipartite graphs.

We are aware of seven infinite families of non-bipartite distance-regular graphs with
valency k, having smallest eigenvalue at most —k/2, including the complete tripartite
graphs K ;:. We think the following conjecture is true.

Conjecture 1.2. When D is large enough, a non-bipartite distance-regular graph with
valency k, diameter D, having smallest eigenvalue at most —k/2 is one of the following
graphs

The odd polygons;

The folded (2D + 1)-cubes;

The Odd graph Oy;

The Hamming graphs H(D, 3);

The dual polar graphs of type Bp(2);
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The dual polar graphs of type 2Asp_1(2).
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