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The regular complete t-partite graphs Kt×s (s, t positive 
integers at least 2) with valency k = (t − 1)s have smallest 
eigenvalue −s = −k/(t − 1), and hence, for fixed t there 
are infinitely many of them. In this paper we will show that 
these graphs are exceptional graphs for the class of distance-
regular graphs. For this we will show a valency bound for 
distance-regular graphs with a relatively large, in absolute 
value, smallest eigenvalue. Using this bound, we classify the 
non-bipartite distance-regular graphs with diameter at most 
three with smallest eigenvalue not larger than −k/2, where k
is the valency of the graph. As an application we complete the 
classification of the 3-chromatic distance-regular graphs with 
diameter three, which was started by Blokhuis, Brouwer and 
Haemers.

© 2017 Elsevier Inc. All rights reserved.

* Corresponding author.
E-mail addresses: zhiqiao@sicnu.edu.cn (Z. Qiao), koolen@ustc.edu.cn (J. Koolen).

1 JHK was partially supported by the National Natural Science Foundation of China (No. 11471009 and 
11671376).

https://doi.org/10.1016/j.jcta.2017.11.008
0097-3165/© 2017 Elsevier Inc. All rights reserved.

https://doi.org/10.1016/j.jcta.2017.11.008
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcta
mailto:zhiqiao@sicnu.edu.cn
mailto:koolen@ustc.edu.cn
https://doi.org/10.1016/j.jcta.2017.11.008
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcta.2017.11.008&domain=pdf


Z. Qiao, J. Koolen / Journal of Combinatorial Theory, Series A 155 (2018) 304–320 305

1. Introduction

The regular complete t-partite graphs Kt×s (s, t positive integers at least 2) with 
valency k = (t − 1)s have smallest eigenvalue −s = −k/(t − 1), and hence, for fixed t
there are infinitely many of them. (For notations and explanations of the graphs, see 
next section and [2] or [13].) In this paper we will show that these graphs are exceptional 
graphs for the class of distance-regular graphs. Namely, we will show the following valency 
bound for distance-regular graphs with a relatively large, in absolute value, smallest 
eigenvalue.

Theorem 1.1. For any real number α ∈ (0, 1) and any integer D ≥ 2, there are finitely 
many coconnected non-bipartite distance-regular graphs with valency k at least two and 
diameter D, having smallest eigenvalue θmin not larger than −αk.

Remarks. (i) Note that the condition that the graphs are not bipartite is essential, as −k

is an eigenvalue of bipartite regular graphs with valency k and there are infinitely many 
bipartite distance-regular graphs with diameter 3, for example the point-block incidence 
graphs of projective planes of order q, where q is a prime power. For diameter 4 this is 
also true, for example, the Hadamard graphs.

(ii) Note that the same result is not true if you replace the absolute value of the 
smallest eigenvalue by the second largest eigenvalue. For example, the Johnson graph 
J(n, D) n ≥ 2D ≥ 4, has valency D(n − D) and second largest eigenvalue (n − D −
1)(D − 1) − 1. So for fixed diameter D ≥ 3, there are infinitely many Johnson graphs 
J(n, D) with second largest eigenvalue larger than k/2.

(iii) The only distance-regular graphs that are not coconnected are the complete 
multipartite graphs.

We are aware of seven infinite families of non-bipartite distance-regular graphs with 
valency k, having smallest eigenvalue at most −k/2, including the complete tripartite 
graphs Kt,t,t. We think the following conjecture is true.

Conjecture 1.2. When D is large enough, a non-bipartite distance-regular graph with 
valency k, diameter D, having smallest eigenvalue at most −k/2 is one of the following 
graphs

1. The odd polygons;
2. The folded (2D + 1)-cubes;
3. The Odd graph Ok;
4. The Hamming graphs H(D, 3);
5. The dual polar graphs of type BD(2);
6. The dual polar graphs of type 2A2D−1(2).
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