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We provide partition-theoretic interpretation of two truncated 
identities of Gauss solving a problem by Guo and Zeng. We 
also reveal that these results, together with our previous trun-
cation of Euler’s pentagonal number theorem, are essentially 
corollaries of the Rogers–Fine identity. Finally we examine 
further positivity questions related to the partition function.
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1. Introduction

In [3], we proved the following identity for the partition function, p(n):

Theorem 1. For n > 0, k � 1,

(−1)k−1
k−1∑
j=0

(−1)j
(
p
(
n− j(3j + 1)/2

)
− p

(
n− j(3j + 5)/2 − 1

))
= Mk(n), (1.1)
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where Mk(n) is the number of partitions of n in which k is the least integer that is not 
a part and there are more parts > k than there are < k.

Yee [13] has given a combinatorial proof of Theorem 1. This theorem was directly 
deduced from the following:

Lemma 2. For k � 1,
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, (1.2)

where

(A; q)n =
∞∏
j=0

(1 −Aqj)
(1 −Aqj+n)

=
(
(1 −A)(1 −Aq) · · · (1 −Aqn−1) if n is a positive integer

)
and

[
A
B

]
=

{
0, if B < 0 or B > A

(q;q)A
(q;q)B(q;q)A−B

, otherwise.

Apart from Euler’s pentagonal number theorem (k → ∞ in (1.2)):

(q; q)∞ =
∞∑
j=0

(−1)jqj(3j+1)/2(1 − q2j+1), (1.3)

there are two other central, classical theta identities (often attributed to Gauss and 
sometimes Jacobi) [2, p. 23, eqs. (2.2.12) and (2.2.13)]:

(q; q)∞
(−q; q)∞

= 1 + 2
∞∑
j=1

(−1)jqj
2
, (1.4)

and

(q2; q2)∞
(−q; q2)∞

=
∞∑
j=0

(−q)j(j+1)/2. (1.5)

We remark that the truncated theta series were recently studied in several papers by 
Guo and Zeng [7], Mao [10], Kolitsch [9], He, Ji and Zang [8], Chan, Ho and Mao [4], 
and Yee [13].

Guo and Zeng [7] proved analogues of the above Lemma 2 for (1.4) and (1.5). First 
they note that the reciprocal of the infinite product in (1.4) is the generating function 
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