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We prove that for every graph H, if a graph G has no (odd) H
minor, then its vertex set V(G) can be partitioned into three
sets X1, X2, X3 such that for each 7, the subgraph induced on
X has no component of size larger than a function of H and
the maximum degree of G. This improves a previous result
of Alon, Ding, Oporowski and Vertigan (2003) [1] stating
that V(G) can be partitioned into four such sets if G has
no H minor. Our theorem generalizes a result of Esperet and
Joret (2014) [9], who proved it for graphs embeddable on a
fixed surface and asked whether it is true for graphs with no
H minor.
As a corollary, we prove that for every positive integer t, if
a graph G has no K;11 minor, then its vertex set V(G) can
be partitioned into 3t sets Xi,..., X3 such that for each ¢,
the subgraph induced on X; has no component of size larger
than a function of t. This corollary improves a result of Wood
(2010) [21], which states that V(G) can be partitioned into
[3.5t + 2] such sets.
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1. Introduction

The famous Four Color Theorem states that every planar graph G admits a partition
of its vertex set into four sets X7, Xo, X3, X4 such that for 1 < ¢ < 4, every component
of the subgraph G[X;] induced on X; has at most one vertex. Certainly there are planar
graphs whose vertex set cannot be partitioned into three such sets. However, Esperet and
Joret [9] proved that the number of sets can be reduced to three, if we relax each X; to
induce a subgraph having no component of size larger than a function of the maximum
degree of G.

Theorem 1.1 (Esperet and Joret [9]). Let X be a surface of Euler genus g. If a graph G
is embeddable on ¥ and has maximum degree at most A, then V(G) can be partitioned
into three sets X1, Xa, X3 such that for 1 < i < 3, every component of G[X;] has at most
(5A)%° = 1(15A)B2A+8)27 yertices.

The number of sets in Theorem 1.1 is best possible, since a k x k triangular grid
has maximum degree six but its vertex set cannot be partitioned into two sets such
that each set induces a subgraph with no component of size less than k by the famous
HEX lemma [10]. In contrast, Alon, Ding, Oporowski, and Vertigan [1] showed that for
graphs of bounded tree-width and bounded maximum degree, it is possible to partition
the vertex set into two sets inducing subgraphs having no large components.

Theorem 1.2 (Alon et al. [1, Theorem 2.2J°). Let w > 3 and A be positive integers. If
a graph G has mazimum degree at most A and tree-width at most w, then V(G) can be
partitioned into X1, Xo such that for 1 <i < 2, every component of G[X;| has at most
24wA vertices.

It was pointed out by Esperet and Joret [private communication, 2015] that the condi-
tion of maximum degree mentioned in Theorem 1.2 cannot be removed. See Theorem 4.1
for details.

Though it is impossible to partition all planar graphs of bounded maximum degree
into two induced subgraphs with components of bounded size, it is possible to partition
them such that the tree-width of every component is small. More precisely, DeVos, Ding,
Oporowski, Sanders, Reed, Seymour, and Vertigan [3] proved the following result, which
was conjectured by Thomas [19]. A graph H is a minor of a graph G if a graph isomorphic
to H can be obtained from a subgraph of G by contracting edges.

Theorem 1.3 (DeVos et al. [3]). For every graph H, there exists an integer N such that
if H is not a minor of G, then V(G) can be partitioned into two sets X1, Xo such that
the tree-width of G[X;] is at most N for 1 <i < 2.

3 1In [1], Theorem 1.2 is stated without requiring w > 3. However, [1] cites [5, (3.7)], which requires w > 3.
However, Theorem 1.2 is true even if w < 3, because a stronger statement was proved by Wood [20].
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