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In this paper, we investigate the dynamics of a non-autonomous dynamical system 
(X, F) generated by a uniformly convergent sequence of continuous self maps 
on X. We relate the dynamical behavior of (X, F) with the dynamical behavior 
of the limiting system (and vice versa). In the process, we relate properties 
like equicontinuity, minimality, various forms of mixing and sensitivities, dense 
periodicity and denseness of proximal pairs (cells) for the two systems. We also 
give examples to investigate the necessity of the conditions imposed.
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1. Introduction

Dynamical systems have been long used to study various physical and natural systems occurring around 
us. Many of these processes have been modeled using discrete or continuous systems and their long term 
behavior has been investigated. The theory has found applications in a variety of fields such as complex 
systems, control theory, biomechanics and cognitive sciences. While [3] used dynamical systems theory to 
study the agent environment interaction in the cognitive setting, in [8] the authors used dynamical systems 
approach to lower extremity running injuries. In [11], the authors used the theory of discrete systems to 
model the chemical turbulence in a system. Although, the theory has been used extensively in a variety of 
fields, most of the cases have been approximated using an autonomous system. Consequently, the governing 
rule f is assumed to be constant (with time) and the dynamics of the system (X, f) is used to approximate 
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the dynamics of the underlying system. Although such studies have resulted in good approximations of the 
underlying systems, better approximations can be obtained by allowing the governing rule to be time variant. 
Thus there is a strong need to develop the theory of non-autonomous dynamical systems. Some investigations 
for such a setting in the discrete case have been made and interesting results have been obtained. While [9]
study the topological entropy when the family F is equicontinuous or uniformly convergent, [10] discusses 
minimality conditions for a non-autonomous system on a compact Hausdorff space while focusing on the 
case when the non-autonomous system is defined on a compact interval of the real line. In [12], the authors 
investigate a non-autonomous system generated by a finite family of continuous self maps. In the process, 
they study properties such as transitivity, weak mixing, topological mixing, existence of periodic points, 
various forms of sensitivities and Li–Yorke chaos. In [7], the authors prove that if fn → f , in general 
there is no relation between chaotic behavior of the non-autonomous system generated by fn and the 
chaotic behavior of f . In [2], the authors investigate properties such as weakly mixing, topological mixing, 
topological entropy and Li–Yorke chaos for the non-autonomous system. Before we move further, we give 
some of the basic concepts and definitions required.

Let (X, d) be a compact metric space and let F = {fn : n ∈ N} be a family of continuous self maps on X. 
For any initial seed x0, any such family generates a non-autonomous dynamical system via the relation 
xn = fn(xn−1). Throughout this paper, such a dynamical system will be denoted by (X, F). For any x ∈ X, 
{fn ◦ fn−1 ◦ . . . ◦ f1(x) : n ∈ N} defines the orbit of x. For notational convenience, let ωn

n+k = fn+k ◦
fn+k−1 ◦ . . . ◦ fn+1 and ωn(x) = fn ◦ fn−1 ◦ . . . ◦ f1(x) (the state of the system after n iterations).

A point x is called periodic for (X, F) if there exists n ∈ N such that ωnk(x) = x for all k ∈ N. The least 
such n is known as the period of the point x. A system (X, F) is called feebly open if for any non-empty 
open set U in X, int(f(U)) �= ∅ for all f ∈ F. The system (X, F) is equicontinuous if for each ε > 0, there 
exists δ > 0 such that d(x, y) < δ implies d(ωn(x), ωn(y)) < ε for all n ∈ N, x, y ∈ X. The system (X, F)
is transitive (or F is transitive) if for each pair of non-empty open sets U, V in X, there exists n ∈ N such 
that ωn(U) 

⋂
V �= ∅. The system (X, F) is said to be minimal if every point of X has dense orbit in X. The 

system (X, F) is said to be weakly mixing if for any collection of non-empty open sets U1, U2, V1, V2 in X
there exists a natural number n such that ωn(Ui) 

⋂
Vi �= ∅, i = 1, 2. Equivalently, we say that the system 

is weakly mixing if F × F is transitive. The system is said to be topologically mixing if for every pair of 
non-empty open sets U, V there exists a natural number K such that ωn(U) 

⋂
V �= ∅ for all n ≥ K. The 

system is said to be sensitive if there exists a δ > 0 such that for each x ∈ X and each neighborhood U of x, 
there exists n ∈ N such that diam(ωn(U)) > δ. If there exists K > 0 such that diam(ωn(U)) > δ ∀n ≥ K, 
then the system is cofinitely sensitive. A pair (x, y) is proximal for (X, F) if lim inf

n→∞
d(ωn(x), ωn(y)) = 0. 

For any x ∈ X, the set ProxF(x) = {y : (x, y) is proximal for (X, F)} is called the proximal cell of x in 
(X, F). A system (X, F) is said to exhibit dense set of proximal pairs if the set of pairs proximal for (X, F)
is dense in X × X. A pair of points x, y in X is called a δ-Li–Yorke pair if lim sup

n→∞
d(ωn(x), ωn(y)) > δ

but lim inf
n→∞

d(ωn(x), ωn(y)) = 0. A system (X, F) is Li–Yorke sensitive if there exists δ > 0 such that for 
each x ∈ X and each neighborhood U of x there exists y ∈ U such that (x, y) is a δ-Li–Yorke pair. For 
any x ∈ X, let LYF(x) = {y ∈ X : (x, y) is a Li–Yorke pair for (X, F)} is called the Li–Yorke cell of x. It 
may be noted that in case the fn’s coincide, the above definitions coincide with the known notions of an 
autonomous dynamical system [4–6]. Some basic concepts and recent works in this area can be found in 
literature [1,2,7,9,10,12].

Let X be a compact space and let K(X) denote the collection of all non-empty compact subsets of X. For 
any A, B ∈ K(X) define DH(A, B) = inf{ε > 0 : A ⊂ S(B, ε) and B ⊂ S(A, ε)} where S(A, ε) =

⋃
x∈A

S(x, ε)

is the ε-ball around A. Then, DH defines a metric on K(X) (known as the Hausdorff metric). It is known 
that a system (X, f) is a weakly mixing (topologically mixing) if and only if for any compact set K with 
non-empty interior lim sup

n→∞
fn(K) = X ( lim

n→∞
fn(K) = X) with respect to the metric DH .
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