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1. Introduction

Throughout this paper, let R be the set of all real numbers, and N the set of all natural numbers. All
topological spaces are assumed to be Hausdorff spaces.

* This work was supported by TCUE Special Grant-in-Aid (A) 2017.
E-mail address: kaori@tcue.ac.jp.

https://doi.org/10.1016/j.topol.2018.07.004
0166-8641/© 2018 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.topol.2018.07.004
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/topol
mailto:kaori@tcue.ac.jp
https://doi.org/10.1016/j.topol.2018.07.004
http://crossmark.crossref.org/dialog/?doi=10.1016/j.topol.2018.07.004&domain=pdf

70 K. Yamazaki / Topology and its Applications 246 (2018) 69-82

For two sequences (A4, )nen and (Bp)nen of subsets of a space, it is written that (A,) < (By) if A, C
B,, for each n € N. A topological space X is said to be monotonically countably metacompact ([6]) if
there exists an operator U assigning to each decreasing sequence (Dj);en of closed subsets of X with
Njen Dj = 0, a sequence U((D;)) = (U(n, (D;)))nen of open subsets of X such that (1) D, C U(n,(D;))
for each n € N; (2) N, ey U(n, (D;)) = 0; (3) If (D;) < (E;), then U((Dy)) < U((E;)). If, in addition, (2')
Mpen Un, (Dy)) = 0 holds, X is said to be monotonically countably paracompact ([6]).

The following theorem was obtained by C. Good, R. Knight and I. Stares [6, Theorem 25|, C. Good
and L. Haynes [5, Theorem 3] and the author [11, Corollary 3.3]. The symbol (0,00) stands for the set
{reR:r>0}.

Theorem 1.1 (/6], [5], [11]). For a topological space X, the following statements (a), (b), (c¢) and (d) are
mutually equivalent to X being monotonically countably paracompact.

(a) There exists an operator ® assigning to each locally upper-bounded function f : X — R, a locally
upper-bounded l.s.c. function ®(f): X — R with f < ®(f) such that D(f) < O(f') whenever f < f’.

(b) There exist operators ® and U assigning to each u.s.c. function f: X — R, an lLs.c. function ®(f) :
X — R and a u.s.c. function U(f) : X — R with f < ®(f) < U(f) such that ®(f) < ®(f') and
U(f) < U(f") whenever f < f'.

(¢) There exist operators ® and ¥ assigning to each l.s.c. function f : X — (0,00), a w.s.c. function
O(f) : X — (0,00) and an ls.c. function ¥(f) : X — (0,00) with U(f) < ®(f) < f such that
O(f) < (") and U(f) < U(f') whenever f < f’.

(d) There exists an operator ® assigning to each locally bounded function f : X — R, a locally bounded
l.s.c. function ®(f): X — R with |f| < ®(f) such that D(f) < O(f') whenever |f| < |f].

The author [12] generalized ‘real-valued functions’ of these equivalence of Theorem 1.1 except (c), into
‘maps to ordered topological vector spaces with positive interior points’ To introduce this, let us first recall
some terminology.

A partially ordered real vector space (Y, <) is said to be an ordered vector space if the following conditions
are satisfied: (i) x <y implies z + z < y+ z for all x,y,z € Y, (i4) z < y implies ra < ry for all z,y € Y
and all » € R with > 0. The symbol y < 4 is used when y <y’ and y # ¥/'.

Let (Y, <) be an ordered vector space. Then, y € Y is positive if 0 < y, and the set {y € Y : 0 < y}, called
the positive cone of Y, is denoted by Y. For y1,y, € Y with y; < ya, the subspace (y; + Y )N (yo — Y ™T)
of Y, called an order interval, is denoted by [y1,y2]. A topological vector space Y is called an ordered
topological vector space (o.t.v.s., for short) if Y is an ordered vector space such that the positive cone Y
is closed in Y. It is known that e is an interior point of Y (i.e. ¢ € inty Y ™) if and only if [—e, €] is a
0-neighborhood ([1, Lemma 2.5]). An interior point e of Yt is a positive interior point of Y if e > 0. Note
that an o.t.v.s. Y is non-trivial if and only if inty Y™ C Y \ {0}, and that every o.t.v.s. with positive
interior points is non-trivial. A point z € Y is called an order unit if each y € Y admits A > 0 such that
y < Az. The positive cone Yt is normal if each 0-neighborhood U admits a 0-neighborhood V such that
(V+YH)N(V-YH)cCU.

Let f: X — Y be a map from a topological space X into an o.t.v.s. Y. Then, f is said to be lower
semi-continuous, l.s.c. for short, (resp. upper semi-continuous, u.s.c. for short), if for each z € X and
each 0-neighborhood V, there exists a neighborhood O, of z such that f(O,) C f(z)+V + YT (resp.
f(O.) C f(z)+V —=Y™T) (]3], [12]). Every continuous map f : X — Y from a topological space X into an
o.t.v.s. Y is Ls.c. and u.s.c., and the converse holds if YT is normal.

A subset A of an o.t.v.s. Y is called upper-bounded [12] if for each 0-neighborhood V', there exists n € N
such that A C nV —Y . If Y has a positive interior point e, A is upper-bounded if and only if A C re — Y+
for some r > 0. A map f : X — Y from a topological space X into an o.t.v.s. Y is said to be locally
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