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A Heegaard splitting V1 ∪S V2 is called weakly keen with distance 2 if there are 
essential separating disks Di ⊂ Vi such that a component of Vi−Di is homeomorphic 
to Fi × I and there is an unique geodesic {∂D1, C0, ∂D2} in C(S) connecting ∂D1
to ∂D2, where C0 is an essential simple closed curve in S and Fi is a component 
of ∂−Vi for i = 1, 2. In this paper, we give a sufficient condition for the weakly 
keen Heegaard splittings to be keen. At last, we give a sufficient condition for the 
self-amalgamation of a weakly keen Heegaard splitting to be unstabilized.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Let M be a 3-manifold and S an embedded closed orientable surface in M . If S divides M into two 
compression bodies V and W such that S = ∂+V = ∂+W , then V ∪SW is called a Heegaard splitting of M . 
In 2001, Hempel [5] introduced the concept of the distance of a Heegaard splitting. He showed that there 
exist arbitrarily high distance Heegaard splittings for closed 3-manifolds, and a 3-manifold M admitting 
a distance at least 3 Heegaard splitting is hyperbolic. Since then, many properties related to the distance 
of Heegaard splittings, as well as 3-manifolds, have been obtained. Hartshorn [3] and Scharlemann [14]
showed that there is no essential surface with small Euler characteristic in a 3-manifold admitting a high 
distance Heegaard splitting; Scharlemann and Tomova [15] showed that a high distance Heegaard splitting 
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is a unique minimal Heegaard splitting up to isotopy; Qiu and Kobayashi [8], Yang and Lei [16] and many 
others showed that the amalgamation of Heegaard splittings is always efficient under some “high” distance 
conditions.

In [11], Masur and Minsky introduced the subsurface projection to study the structure of the curve 
complex. They showed the diameter of the image of a geodesic under the projection is bounded by a 
constant which only depends on the genus of the surface. Li [9], Masur and Schleimer [12] independently 
gave an estimation of the diameter of the image of the essential disks in a compact boundary reducible 
3-manifold under the projection. By using the subsurface projection, Ido, Jang and Kobayashi [6] and Qiu, 
Zou and Guo [13], independently, showed that for any positive integers n and g ≥ 2 there exist closed 
3-manifolds admitting a Heegaard splitting of genus g with exact distance n.

In [7], Ido, Jang and Kobayashi introduced the concept of keen Heegaard splittings. A Heegaard splitting 
V ∪S W is called keen if its Hempel distance is realized by a unique pair of essential disks on the opposite 
sides of S. Moreover, they proved the existence of the strongly keen Heegaard splitting of genus g with 
distance n for each n ≥ 2 and g ≥ 3. In [2], E proved the existence of keen weakly reducible Heegaard 
splitting of genus g with g ≥ 3.

Let M be a compact and orientable 3-manifold and F1, F2 two components of ∂M . A Heegaard splitting 
V1 ∪S V2 of M with distance n is called weakly keen if there are essential separating disks Di in Vi satisfying 
dC(S)(∂D1, ∂D2) = n such that a component of Vi −Di is homeomorphic to Fi × I and there is a unique 
geodesic in C(S) connecting ∂D1 to ∂D2.

Let V1 ∪S V2 a weakly keen Heegaard splitting with distance 2. Suppose Di is a separating essential disk 
in Vi where i = 1, 2 defined as above and {∂D1, C0, ∂D2} is the unique geodesic in C(S) connecting ∂D1 to 
∂D2. Denote the component of Vi −Di which is not homeomorphic to Fi × I by V ′

i , where i = 1, 2. Let fi
be the projection from C(S) to C(∂+V

′
i ) determined by Di and DVi

the set of vertices in C(S) represented 
by boundaries of essential disks in Vi. Let di = dC(∂+V ′

i )(DV ′
i
, fi(DVj

)), where {i, j} = {1, 2}.

Theorem 1.1. Suppose V1∪SV2 is a weakly keen Heegaard splitting with distance 2 and di ≥ 7, where i = 1, 2.
If C0 ⊂ ∂+V

′
1 ∩ ∂+V

′
2 , then V1 ∪S V2 is a keen Heegaard splitting.

If C0 ⊂ ∂+V
′
i , then dC(S)(DVi

− ∂Di, DVj
) ≥ 3, where {i, j} = {1, 2}.

Suppose V1 ∪S V2 is a Heegaard splitting. Let F ′
1, F

′
2 be two disjoint essential homeomorphic subsurfaces 

in F2 and V 1 ∪S′ V 2 be the self-amalgamation of V1 ∪S V2 along F1, F2. Many sufficient conditions for 
self-amalgamation to be unstabilized have been given, see [1,17,10]. Let f be the natural projection from 
C(S) to C(F2) determined by D2. Then we have the following theorem:

Theorem 1.2. Suppose V1 ∪S V2 is a weakly keen Heegaard splitting with distance 2 and di ≥ 7, where 
i = 1, 2. If C0 ⊂ ∂+V

′
2 or dC(F2)(∂F ′

i , f(C0)) ≥ 2, then the self-amalgamation of V1 ∪S V2 along F ′
1 and F ′

2
is unstabilized.

The article is organized as follows. In section 2, we review some necessary preliminaries. The proofs of 
the main results are given in section 3.

2. Preliminaries

Suppose F is a compact orientable surface of genus at least 1. A simple closed curve c in F is called 
essential if c does not cut a disk or annulus component from F .

The curve complex of F , first introduced by Harvey [4], is defined as follows: each vertex is the isotopy 
class of an essential simple closed curve in F and (k + 1) vertices determine a k-simplex if they can be 
realized by pairwise disjoint curves. When F is a torus or once-punctured torus, the curve complex of F , 
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