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Abstract In this article, the following concave and convex nonlinearities elliptic equations

involving critical growth is considered,

—Au = g(x)|ul? "2u+ Af (@) ||t 2, e Q,
u =0, x € 09,

where Q) C RN(N > 3) is an open bounded domain with smooth boundary, 1 < g < 2, A > 0.

*x __ 2N
2 = N-2

and g € C(Q) is a positive function with k local maximum points. By the Nehari method

2%
is the critical Sobolev exponent, f € L27-a() is nonzero and nonnegative,

and variational method, k + 1 positive solutions are obtained. Our results complement and
optimize the previous work by Lin [MR2870946, Nonlinear Anal. 75(2012) 2660-2671].
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1 Introduction and Main Result

In this article, we study the following concave-convex elliptic equations involving critical
Sobolev exponent
—Au = g(@)|ul* P+ Af(@)|ult 2, @ e Q,

(1.1)
u =0, x € 09,
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where Q € RV(N > 3) is an open bounded domain with smooth boundary, 1 < ¢ < 2, A > 0.

2* = 2 is the critical Sobolev exponent for the embedding of H}(Q) into LP(Q) for every

1
2

p € [1, 25, where Hj () is a Sobolev space equipped with the norm |ju| = ([, |Vu|*dz)
The coefficient function f € L"(€2) is nonzero and nonnegative, where r = 2*2—;1. And g € C(Q)

is a positive function.
More precisely, we say that a function u € H{ () is called a weak solution of problem (1.1),
if for all ¢ € HJ (L), there holds

/ (Vu, V)dz — / g(a:)(qu)T*lgpd:z: X[ fl@)(uh)" tpde =0, (1.2)
Q Q Q

where vt = max{u,0}.

It is well known that the pioneer work is Brézis and Nirenberg [4], that is, the existence
of positive solutions of semilinear elliptic equations involving critical exponent is related to
the dimension of space. After that, semilinear elliptic problems with critical exponent were
extensively considered (see [1, 2, 5, 7-30, 33, 35-37, 39-42]). Particularly, Ambrosetti, Brézis,
and Cerami [2] studied the following problem

—Au=uP+ ul, 1€,
u > 0, x € Q, (1.3)
u =0, x € 082,

where 0 < ¢ < 1 < p < 2*—1. They obtained the classic results by the sub-supersolution method
and variational method, that is, there exists A9 > 0 such that problem (1.3) has at least two
positive solutions for A € (0, A\g), a positive solution for A = A\, and no positive solution for
A > Ao. After that, many authors considered the concave-convex-type elliptic problems (see
[1, 9, 14, 20, 21, 24-28, 35, 40]). Particularly, Korman in [22] considered the exact number of
positive solutions for problem (1.3) in the unit ball B C RY (N > 3). By the bifurcation theory,
it is obtained that there exists a critical number A > 0 such that problem (1.3) has two positive
solutions for A € (0, 5\), exactly one positive solution for A\ = 5\, and no positive solution for
A > X. As any positive solution to problem (1.3) in the unit ball B is radial, Tang in [35] proved
this result of [22] by an ordinary differential equation method. In [1], Ambrosetti, Azorer, and
Peral studied problem (1.3) in RY (N > 3), that is,

—Au=u*"t 4 A(x)u?, ue DV2RY),
where 0 < ¢ < 1, h € LY(RY) N L®(RY). When h > 0,h # 0, and A > 0 small enough,

they obtained two positive solutions. Moreover, [9, 14] and [20] considered the multiplicity of

positive solutions for concave-convex p-Laplacian problems with critical Sobolev exponent.
Recently, Lin considered problem (1.1) under the following conditions in [28].

(h1) f,g€C®), f>0,f#0,and g > 0.

(ha) There exist k points a',a?, - ,ak in Q such that

g(al) = maé(g({,[]) =1 forl S ) S k7
S

and for some o > N such that g(z) — g(a’) = O(|x — a'|?) as x — a’ uniformly in i.
(hs) Choosing r¢ > 0 such that

B, (a)N By (a?) =0 fori#jand 1 <i,j <k,
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