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Abstract In this article, we introduce the two dimensional Mellin transform Mg(f)(s,t),
give some properties, establish the Paley-Wiener theorem and Plancherel formula, present
the Hausdorff-Young inequality, and find several applications for the two dimensional Mellin

transform.
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1 Introduction

It is well known that the integral transforms are very important in the areas of science and
engineering, and they attracted the attention of many researchers (see [1-5]). Two of the most
frequently used formulas in the area of integral transforms are the classical Mellin transform
and the corresponding formal inversion formula; they were successfully applied in the theory of
differential equations, plain harmonic problems in special domains, elasticity mechanics, special
functions, summing series, and calculating integrals.

In 1854-1933, Hjalmar Mellin defined the Mellin transform of a suitable function f over

(0,00) as
M) = [ o), (L1)
0
In 2006, A.Fitouhi et al [5] studied the g-analogue of the Mellin transform and its inversion
given, respectively, by

My(f)(s) = /OO xs_lf(:c)dq:c, Vo € Ry 4, (1.2)

0
and

+ o)
fa) = 1°g(‘“) [T M) ds, e (@)

2ir(1—¢q

" Tog(@)
where Ry y = {¢", n € Z}.

As a generalization of the Mellin transform, the two-dimensional Mellin transform is defined
by [2, 13]

M{f (. 9))(s,1) = / N / " eyt yt N dady; (1.3)
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the inversion formula for the two-dimensional Mellin transform is given by the following relation

c1+ioco co+ioco
fe=-gz [ [ M)y s (1.4)

1—ioco 5 —ico

The two-dimensional Mellin convolution product of the functions f and g is defined by

frxpg(z,y) = /000 /000 uilvflf(%, %)g(u,v)dudv.

In [8], using two parameters of deformation ¢; and g2, Haran et al gave the definition of an

analogue of the two-dimensional Mellin transform by

M‘Z17q2 (f)(87 t) = /0 /0 f(xay)xs_lyt_ldqrrdthy' (15)

The aim of this article is devoted first to study the analogue of the Mellin transform M, 4, (f)
(1.5) and second to discuss its properties and to give its inversion formula which is an analogue
of (1.4). Furthermore, we define the convolution product. And finally as applications, we prove
an analogue of the Titchmarsch theorem.

This article is organized as follows: In Section 2, we present some preliminary results and
notations that will be useful in the sequel. In Section 3, we introduce the g-analogue of the
two-dimensional Mellin transform, give some properties, and prove the inversion formula of the
G-two dimensional Mellin transform. In Section 4, we study the convolution product and give
some relations of the g-analogue of the two-dimensional Mellin transform. In Section 5, we give
some applications. Finally, in Section 6, we establish Paley-Wiener theorems for the modified

g-two-dimentional Mellin transform.

2 Basic Definitions

For the convenience of the reader, in this section we provide a summary of the mathematical
notations and definitions used in this article (see [6, 9, 10]).
For g € (0,1) and a € C, the ¢-shifted factorials are defined by

n—1
(G;Q)Ozlu (a§Q)n: H(l_aqk)v n=12---. (2'1)
k=0
(:0)0 = lim (a:9)n = [J (1~ ag"). (2:2)
k=0
We also denote
_l-g¢" _ (9
[a]q— 1_q ) [n]q'— (1_q)n_, TLEN
The g-derivatives D, f and D] f of a function f are given by [10]:
_ J(@) = flgz) + _ flgta) = fa) :
(qu)(‘r) - (1—q)x ) (Dq f)(i[:) - (1—(])17 ) lf ,T#O, (23)

(Dgf)(0) = f'(0) and (D f)(0) = ¢~'f'(0) provided f(0) exists.
If f is differentiable, then (Dgf)(z) and (D] f)(x) tend to f’(x) as ¢ tends to 1. For n € N,

we note

D; = D,, D = Dq(D;H),
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