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Abstract In this paper, we investigate the existence, uniqueness and the asymptotic equiv-

alence of a linear system and a perturbed system of differential equations with piecewise

alternately advanced and retarded argument of generalized type (DEPCAG). This is based

in the study of an equivalent integral equation with Cauchy and Green matrices type and

in a solution of a DEPCAG integral inequality of Gronwall type. Several examples are also

given to show the feasibility of results.
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1 Introduction

The problem of asymptotic equivalence between the solutions of two differential (or dif-

ference) equations shows an asymptotic relationship between two equations. If we know that

two equations are asymptotically equivalent, and if we also know the asymptotic behavior of

the solutions of one of them, then we can obtain information about the asymptotic behavior

of the solutions of the other equation. Apparently, the first results concerning the asymptotic

behaviour of systems on the basis of one-to-one correspondence between sets of solutions were

obtained in [5, 15–17], see also [3, 4, 14, 22, 23].

Let N, R and C be the sets of all natural, real and complex numbers, respectively. Denote

by | . | the Euclidean norm in Cn, n ∈ N and R+ = [0,∞). Fix two real valued non-negative

sequences {ti}, {ξi}, i ∈ N such that ti < ti+1, ti ≤ ξi ≤ ti+1 and ti → ∞ as i → ∞.

Let γ : R+ → R+, be a given general step function γ|Ii = ξi, Ii = [ti, ti+1), I−1 = [0, t0],

γ(s) = s for s in I−1 and R+ =
∞⋃

i=−1

Ii. In this case we speak of differential equations with
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piecewise constant arguments of generalized type, in short DEPCAGs. Theory and practice of

the DEPCAGs were discussed extensively in [1, 2, 6–13, 18, 19].

To the best of our knowledge, there are only a few papers involving the DEPCAGs to

investigate the problem of asymptotic equivalence between the solutions of two differential

equations.

In 2008, Akhmet [2] proved the asymptotic equivalence of stable solutions of the following

DEPCAGs

x′(t) = Cx(t), (1.1)

z′(t) = Cz(t) + f(t, z(t), z(γ(t))), (1.2)

where x, z ∈ Rn, t ∈ R, C is a constant n × n real valued matrix and f ∈ C(R × Rn × Rn) is

a real valued n × 1 function, γ(t) = ξi, t ∈ [ti, ti+1), if i ∈ Z. Akhmet’s stability result (our

Corollary 4.5) for perturbed system (1.2) is obtained under stronger conditions than our ones.

Akhmet had many difficulties, since he had not a global Gronwall-type lemma. See Remarks 2

and 3 in [6].

In 2009, Pinto [19] proved the asymptotic equivalence of stable solutions of the following

DEPCAs

x′(t) = A(t)x(t),

z′(t) = A(t)z(t) + f(t, z(t), z(γ(t))), (1.3)

where x, z ∈ Cn, n × n complex valued matrices A = A(t) is locally integrable in R+, f :

R+ × Cn × Cn → Cn is a continuous function and γ(t) = ξi, t ∈ [ti, ti+1), if i ∈ Z.

In the present paper, we consider the following linear differential equations

x′(t) = A(t)x(t), (1.4)

y′(t) = A(t)y(t) + B(t)y(γ(t)), (1.5)

and the linear perturbed DEPCAG system

z′(t) = A(t)z(t) + B(t)z(γ(t)) + f(t, z(t), z(γ(t))), (1.6)

where x, y, z ∈ Cn, the n × n complex valued matrices A = A(t) and B = B(t) are locally

integrable in R+ and f : R+ × Cn × Cn → Cn is a continuous function.

We assume the following hypotheses.

(L) There exist two positive locally integrable functions η1 and η2 on R+ such that

|f(t, x1, z1) − f(t, x2, z2)| ≤ η1(t)|x1 − x2| + η2(t)|z1 − z2| (1.7)

for all t ∈ R+, x1, x2, z1, z2 ∈ Cn and f(t, 0, 0) = 0.

(M) Let ρ+
i (A) = exp(

∫ γ(ti)

ti
|A(s)|ds), ρ−i (A) = exp(

∫ ti+1

γ(ti)
|A(s)|ds), ρi(A) = ρ+

i (A)ρ−i (A)

and ν±i (B) = ρ±i (A) ln ρ±i (B).

Suppose

ρ(A) = sup
i∈N

ρi(A) < ∞,

ν+
i (B) ≤ ν+ =: sup

i∈N

ν+
i (B) < 1, ν−i (B) ≤ ν− =: sup

i∈N

ν−i (B) < 1.
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