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Abstract In this paper, we present a nonmonotone smoothing Newton algorithm for solving
the circular cone programming (CCP) problem in which a linear function is minimized or
maximized over the intersection of an affine space with the circular cone. Based on the
relationship between the circular cone and the second-order cone (SOC), we reformulate the
CCP problem as the second-order cone problem (SOCP). By extending the nonmonotone
line search for unconstrained optimization to the CCP, a nonmonotone smoothing Newton
method is proposed for solving the CCP. Under suitable assumptions, the proposed algorithm
is shown to be globally and locally quadratically convergent. Some preliminary numerical

results indicate the effectiveness of the proposed algorithm for solving the CCP.

Key words circular cone programming; second-order cone programming; nonmonotone

line search; smoothing Newton method; local quadratic convergence

2010 MR Subject Classification 90C30; 90C25

*Received May 10, 2016; revised December 16, 2016. This research was supported by the National Nat-
ural Science Foundation of China (11401126, 71471140 and 11361018), Guangxi Natural Science Foundation
(2016GXNSFBA380102 and 2014GXNSFFA118001), Guangxi Key Laboratory of Cryptography and Informa-
tion Security (GCIS201618), and Guangxi Key Laboratory of Automatic Detecting Technology and Instruments
(YQ15112 and YQ16112), China.

tCorresponding author: Xiaoni CHI


http://crossmark.crossref.org/dialog/?doi=10.1016/S0252-9602(17)30072-3&domain=pdf

No.5 X.N. Chi et al: A SMOOTHING NEWTON ALGORITHM FOR CCP 1263

1 Introduction

Circular cone programming (CCP) problems (see [1, 2]) are an important class of convex
optimization problems in which we minimize or maximize the linear function over the intersec-
tion of an affine space with the circular cone. In this paper, we focus on the following CCP

problem
(P) min {c"z:Az=b, x€C}}, (1.1)

where ¢ € (0, §) is a given angle, A € R™*", ¢ € R" and b € R™ are the data, z € Cy is the

variable. And the set C is the n-dimension circular cone (CC), which is expressed as
Cy = {2z = (z1,220) E RX R" " : cosf|z| < z1}, (1.2)

where z2., = (22, -+ ,2,) € R""!, and || - || refers to the Euclidean norm of a vector.

As a special kind of the non-self-dual cone, the circular cone [3] is a pointed closed convex
cone having hyperspherical sections orthogonal to its axis of revolution around which the cone
is invariant to rotation. When the rotation angle § = 45°, the n-dimension circular cone reduces

to the n-dimension second-order cone (SOC) K™ given by
K" .= {:17 = (21, Z2:) €E RX R" 11 ||zam] < xl}. (1.3)

Thus, the CCP includes the second-order cone programming (SOCP) [4] as a special case. The
dual problem of (1.1) is

(D) max {bTy: ATy+s=c, s€(Cy)*}, (1.4)

where y € R™ is the variable, and s € (Cy)* is the slack variable, here (Cy)* is the dual cone
of Cy defined by

(C§)* = {x = (z1,720) € RX R" "t ||[w2]| < 21 cOt O} .
The sets of strictly feasible solutions of (1.1) and (1.4) are
FOP)={z:Ar=b, z € intCy},
F'(D) ={(y,s) : A"y +s=c, s €int(Cy)*},

respectively, where intCy (respectively, int(Cy)*) denotes the interior of C§ (respectively,
(Cy)*). Throughout this paper, we assume that both (1.1) and (1.4) are strictly feasible,
i.e., FO9(P) x FO(D) # 0. Thus, it can be shown that both (1.1) and (1.4) have optimal so-
lutions, and finding optimal solutions of the CCP (1.1) and (1.4) is equivalent to solving the

following optimality conditions, i.e., KKT conditions,

Az =b, z € Cf,
ATy +s=c, s (Cp)", (1.5)
zTs = 0.

Unfortunately, because (Cg)* and C} in the above conditions are not usually the same
cone with 6 # 45°, we have a formidable task to directly apply smoothing Newton algorithms
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