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Abstract In this paper, we investigate a horizontal Laplacian version of the clamped plate

problem on Carnot groups and obtain some universal inequalities. Furthermore, for the lower

order eigenvalues of this eigenvalue problem on carnot groups, we also give some universal

inequalities.

Key words eigenvalue; universal inequality; horizontal Laplacian; Carnot group

2010 MR Subject Classification 35P15; 53C20; 53C42

1 Introduction and Main Results

Let Ω be a bounded domain in an n-dimensional complete Riemannian manifold M . Let

∆ be the Laplace operator acting on functions on M and consider the following eigenvalue

problem for the biharmonic operator




∆2u = λu, in Ω,

u =
∂u

∂ν
= 0, on ∂Ω,

(1.1)
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where ν denotes the outward unit normal vector field of ∂Ω. Problem (1.1) is also called

clamped plate problem which describes the characteristic vibrations of a clamped plate. It is

known that this eigenvalue problem has a discrete spectrum,

0 < λ1 < λ2 ≤ · · · ≤ λk ≤ · · · ,

where each eigenvalue is repeated with its multiplicity. For the eigenvalues of the clamped plate

problem (1.1), some universal inequalities were given by some mathematicians (see [2, 3, 9, 11,

13, 14]).

In recent years, some eigenvalue problems on the Heisenberg group were studied by many

people (see [5, 6, 8, 10, 12]), they got some universal bounds for eigenvalues of these problems.

Since the Heisenberg group H
n is the simplest example of a Carnot group of step 2, it is natural

to consider the following problem.

Problem 1 For the eigenvalue problem of a sub-Laplacian on a Carnot group, does there

exist a universal bounds on the (k + 1)-th eigenvalue in terms of the first k eigenvalues?

With respect to the above problem, Aribi and El Soufi [1] gave the universal bounds for

the eigenvalues of the horizontal Laplacian on Carnot groups. Inspired by these investigations,

we will consider the horizontal Laplacian version clamped plate problem on Carnot groups.

Following, we give a short introduction for Carnot groups.

A r-step Carnot group is a connected, simply connected, nilpotent Lie group G whose Lie

algebra g admits a stratification g= H1 ⊕ · · · ⊕ Hr, so that [H1, Hj ] = Hj+1,j = 1, · · · , r − 1

and [Hi, Hj ] ⊂ Hi+j , j = 1, · · · , r with Hk = 0 for k > r, where [·, ·] denotes the Lie brackets

and each Hi is a vector subspace of g. We also assume that g carries a scalar product 〈, 〉g
for which the subspaces Hj are mutually orthogonal. The layer H1 generates the whole g

and induces a sub-bundle HG of TG of rank d1 = dimH1 that we call the horizontal bundle

of the Carnot group. Following, we introduce a sub-Laplacian on a Carnot group G. For

each i ≤ r, let dimHi=di, and {ei
1, · · · , ei

di
} be an orthonormal basis of Hi and denote by

{X i
1, · · · , X i

di
} the system of left invariant vector fields that coincides with {ei

1, · · · , ei
di
} at the

identity element of G. We consider the Riemannian metric gG on G with respect to which

the family {X1
1 , · · · , X1

d1
, · · · , Xr

1 , · · · , Xr
dr} constitute an orthonormal frame for TG. The

corresponding Levi-Civita connection ∇ induces a connection ∇H on HG that we call horizontal

connection: if X and Y are smooth sections of HG, then ∇H
XY = πH∇XY , where πH : TG →

HG is the orthogonal projection. The horizontal Laplacian ∆H is then defined for every C2

function f on G by

∆Hf := traceH∇Hdu =

d1∑

i=1

(X1
i )2(f).

The operator ∆H is a hypoelliptic operator of Hörmander type.

Let Ω be a bounded domain in a Carnot group G, and let ∆H be the horizontal Laplace

operator acting on functions on G and consider the following eigenvalue problem




∆2
Hu = λu, in Ω,

u =
∂u

∂ν
= 0, on ∂Ω,

(1.2)

where ν is the outward unit normal vector field of the boundary ∂Ω of Ω.
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