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Abstract In this article, by using the method of invariant sets of descending flow, we obtain
the existence of sign-changing solutions of p-biharmonic equations with Hardy potential in
RN
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1 Introduction

In this article, we look for u € D satisfying

/]RN |AuP~2 AuApda — /]RN o |u|P~2updr = /]RN a(x)|u|"?updz, Yo € D, (1.1)

]2

where D is the completion of C§°(RY) with respect to the norm

full = ( [ 18ura)’”

l<p<f p<r<p = NNTZP, and A2u = A(JAu[P7? Au) is an operator of fourth order, the
so-called p-biharmonic operator. The function a satisfies the condition (A):

(A) a(x) >0 and a(x) € LY(RY) satisfying % + o= =1

The following Rellich inequality (cf. [1]) will be used in this article:

P
/ |AuPdz > ,LLN_p/ de,
RN " Jrw |z[?P

(p— DN - 2p))P
p? '

where the best constant

UNp = (

Here is the main result of this article.

Theorem 1.1 Foreach0 < p < pin p, the problem (1.1) has a positive solution, a negative

solution, and a sequence of sign-changing solutions.
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Recently, for more results about the existence of nontrivial solutions and sign-changing
solutions of biharmonic equations, see, for example, [2-6], where [6] seems to be one of the
first articles on sign-changing solutions for biharmonic boundary value problems. There are
many results about biharmonic equations with Hardy potential (for example, [7, 8]). In [8],
the existence of one sign-changing solution for unbounded domain was obtained. For nonlinear
differential equations involving a general p-biharmonic operator (in particular, p-biharmonic
operator) under Dirichlet boundary conditions or Navier boundary conditions, the existence and
multiplicity of weak solutions was proved in [9]. In [10] the existence of sign-changing solutions
about p-biharmonic equations with Hardy potential in the bounded domain was obtained.
Meanwhile in [11], a Navier boundary value p-biharmonic problem on the bounded domain was
treated, where the equation does not involve the Hardy potential. In addition, the authors
of [12, 13] dealt with a class of inhomogeneous elliptic problems involving the biharmonic
operator, where the nonlinear terms are singular continuous functions, and they proved compact
embedding results and some existence results. We also point out that the extremal solution
for some exponential and power nonlinearities was obtained using an improved weighted Hardy
inequality (see [14]), and nonlinear potential theory in variable exponent Sobolev spaces was
studied in [15].

In this article, we will consider the p-biharmonic equation with Hardy potential in the whole
space RY. Our results improve those of such as [10] greatly. We will prove Theorem 1.1 using the
method of invariant sets of gradient flows (see [16]). In the case that the domain is unbounded,
we encounter difficulties caused by the lack of compactness. Another of the key points is to
construct a vector field A, which keeps the positive and negative cones invariant. Compared
to the elliptic equation of second order, the biharmonic equations have its own difficulties. For
example, given u € D, in general, u™ and u~ do not belong to D. Consequently, constructing
the operator A (see Section 3 for details) and verifying its properties need special handling.

This article is organized as follows. In Section 2, we verify the (PS) condition. In Section 3,
we construct the operator A and discuss its properties. In Section 4, we prove that problem (1.1)

has a positive solution, a negative solution, and a sequence of sign-changing solutions.

2 Verification of the (PS) Condition
We assume that 0 < p < pn . Now, we define a functional on D by
1 W -
I(u) = ];/RN (18w - |x|2p|u|p)dx - /RN a()|u|"de.
Clearly, I is of class C* and

_ W _ T_
(I'(u), ) = /RN (|Au|P ZAuAg — |$|2p|u|P 2u<p)dx — /]RN a(x)|u|" " 2updz, Yo € D.

Lemma 2.1 If u, — win D, then, [pr a(z)|u, —ul"dz — 0 as n — oco.

Proof Denote
Az{xERN‘M <R, a(:v)gM}.

Then,

/ a(x)|u, —ul"de = / a(z)|u, — u|"dzx —i—/ a(x)|uy — ul"dx
RN RN\ A A
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