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Abstract In this article, we consider the fractional Laplacian equation

{ (—2)*/%u = K(x)f(u), «€RL,

u = 07 X ¢ Ri7
where 0 < a < 2,R%} := {& = (z1,%2, - ,Zn)|Tn > 0}. When K is strictly decreasing with
respect to |z’|, the symmetry of positive solutions is proved, where =’ = (z1, 2, -+ ,Tn_1) €

R""!. When K is strictly increasing with respect to x, or only depend on z,,, the nonexistence

of positive solutions is obtained.
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1 Introduction

This article is concerned with the semilinear fractional Laplacian equation

(=A)*?u=K(x)f(u), «eRY, (1.1)

u=0, z ¢ RY,
where 0 < o < 2,R"} := {x = (21,22, -+ ,2p)|zn >0}, n > 2.
The fractional Laplacian in R™ is a nonlocal pseudo-differential operator with the form
(—2)*2u(z) = Cpo lim Mdz, (1.2)
" e—=0t Jrm\ B, ( |,T - Z|n+o‘

where o € (0,2) . Let

La:{u R"HR‘/H 1+|x|n+adx<oo}.

It is easy to see that for u € L, N C’1 the integral on the right hand side of (1.2) is well

defined.
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For Laplacian equations, the radially symmetric of positive solutions in R™ or a bounded
domain was studied in [1-4] and the references therein, by using the “moving plane” technique.
Later, Li, and Ni [5] obtained the symmetry results of positive solutions to (1.1) as a =
2, K(z) = K(|z|), by combining with the asymptotic behavior and the “moving plane” method.
Guo [6] proved some non-existence results for positive weak solution to some semilinear elliptic
system in the half-space by the Alexandrov-Serrin method of moving plane combined with
integral inequality. In [7], Bianchi obtained the nonexistence of positive solutions to (1.1) as
a=2,K(xz) = K(|z]). And then Damascelli and Gladiali [8] got new nonexistence results for a
general class of semilinear elliptic problems in the half space with mixed (Dirichlet-Neumann)
boundary conditions. For fractional Laplacian equation, Zhang [9] proved the symmetry of
solutions to semilinear equations involving the fractional Laplacian. In [10], the monotonicity
and nonexistence results for some fractional elliptic problems in the half space were obtained.
Recently, Chen, Fang, and Yang [11] investigated the nonexistence of positive solutions to the

fractional Laplacian on the upper half space
N2y = uP(z), xeR7,
u(z) =0, r ¢ R

n+ao

&= using the method of moving planes in integral

in the subcritical and critical case 1 < p <
forms. In contrast, Chen, Li, and Li [12] worked directly on the non-local operators to develop
a direct method of moving planes for fractional Laplacian. Using this method, they proved the

radially symmetric and nonexistence of positive solutions to the fractional Laplacian equation
(=) 2y =uP, xeR"

With different methods, many authors proved Liouville type results for nonnegative so-
lutions of different kinds of fractional equations (see, for example, [13-16] and the references
therein).

Therefore, the symmetry and nonexistence results of nonnegative solutions to (1.1) as
K (z) = 1 were studied extensively. And so, it is natural to ask whether the same property of
solutions still hold when K (z) is not a constant.

In this article, we employ the method developed in [12] to prove the symmetry and nonex-
istence of positive solutions to (1.1) when K is not a constant in the upper half space.

Let p > 1 and K # 0 throughout this article. The main results are stated in the following.

Theorem 1.1 Let § > -%5. We denote z = (2/,2,) € R™ ! x R and assume that

P
u= o(ﬁ) €L,NCL! (R7}) is a positive solution to

(=2)*?u=K(ja'|,zn)f(u), = €RY,

(1.4)
u =0, $¢R17

where K and f satisfy

(K1) K(|]2'|,xn) > 0 is strictly decreasing with respect to |2’| and is uniformly bounded
for x € RY;

(f1) f(uw)>0if uw >0, and f(u) is Lipschitz continuous for u > 0;

(f2) There exists a constant C' such that

[f(u) = f(0)] < Clu—vf(jul"~" + [oP™)
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