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Abstract In this article, we prove the following statement that is true for both unbounded
and bounded Vilenkin systems: for any € € (0, 1), there exists a measurable set E C [0,1)
of measure bigger than 1 — & such that for any function f € L'[0,1), it is possible to find
a function g € L'[0,1) coinciding with f on F and the absolute values of non zero Fourier

coefficients of g with respect to the Vilenkin system are monotonically decreasing.
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1 Introduction

Recall the definition of Vilenkin (multiplicative) systems of functions (see [1]). Consider
the arbitrary sequence of natural numbers P = {p1,p2, - , Pk, - }, where p; > 2 for all j € N.
We set

mo = 1, mk:Hpj, keN. (1.1)

It is not difficult to notice that for each point 2 € [0,1) and for any n € [my_1,mi) NN, k € N,

there exist numbers z;, o; € {0, 1,---p; — 1} such that

k [e'S)
oy
n = a;m;_1 and x = L (P-order expansions). 1.2
Z Mj—1 Z m, ( Xp ) (1.2)
Jj=1 j=1
Note that all points of type mik with [,k € N; 0 <1 < my — 1, have two different expansions:
finite and infinite, and have only unique expansions we take only finite expansions for such

points. As a result, we get the correspondences

TL—){OZl,O&Q,"' ’ak}7 I—>{ZC1,I2,"' 7xk’...}' (13)
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The Vilenkin system for sequence P is defined as follows:
k
Wo(z) =1; Wy(z) = exp (QWiZajx—J). (1.4)
= P

The expression (1.4) can be changed into the form

W, (x) = exp (%é}aﬁ—?) - f[ (exp (%%))aj.

pj j=1 J
From (1.4), it follows that

Win;_, (z) = exp (271'1&),
Pj

and for the n-th function, we obtain the expression
k

Wn(x) = H(ija (x))aj'

j=1
Notice that
1, if k =n;

where W (t) is the complex conjugate of Wi(t).
0, if k #n,

1

/ Wo ()W (t)dt =

0
It is obvious that systems, corresponding to different sequences {py}, differ from each other (if
P={2,2,---,2,---}, Vilenkin system coincides with the Walsh system (see [1])). If sup{pr} =
00 (sup{px} < 00), the system {W,(z)} is said to be unbounded (accordingly bounded).

The theory of such systems have been introduced by N. Ja. Vilenkin in 1946 (see [2, 3]).
Then, there are interesting results for Vilenkin system (see [4-7]).

In 1957, C. Watari [8] proved that the bounded Vilenkin system is basis in L” when r > 1.
Then, in 1976, W.S. Young [9] for arbitrary sequence {px} (that is, both for bounded and
unbounded Vilenkin systems) established the basicity of Vilenkin system in L” when r > 1.
For any function f € L*[0,1) and for all n € N and y € (0, 00), he also proved the inequality

Cllfllzro)
Yy

mes{z : |Sy(z, f)] >y} < , where C'— is constant.

Note that the following problem remains open: Is the Fourier series of function from L2[0, 1)
with respect to the unbounded Vilenkin systems convergent almost everywhere or not?

Note also that in [10], P. Billard established that this problem has a positive answer for the
Walsh system.

Let f(x) be a real valued function from L"[0,1), r > 1 and ¢, (f) be the Fourier-Vilenkin

coefficients of function f, that is,

en(f) = / @)W (@) da (1.5)

Let spec(f) be the spectrum of f(z), that is, the set of integers k for which ¢ (f) # 0.

In this article, we prove the following:

Theorem 1.1 Let {Wy(x)}72, — be either unbounded or bounded Vilenkin system.
Then, for each 0 < € < 1, there exists a measurable set E C [0,1) of measure |E| > 1 — ¢ such
that for any function f € L'[0,1), there exists a function g € L'[0,1) such that f(z) = g(x) if
x € E and the elements of sequence {|ck(g)| , k € spec(g)} are monotonically decreasing.
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