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Abstract In this paper, we mainly investigate the dynamical properties of entire solutions

of complex differential equations. With some conditions on coefficients, we prove that the set

of common limiting directions of Julia sets of solutions, their derivatives and their primitives

must have a definite range of measure.
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1 Introduction and Main Results

Let f : C → C be a transcendental meromorphic function, where C is the complex plane

and C = C∪ {∞}. The Fatou set F (f) of f(z) is the subset of C where the iterates fn(z)(n =

1, 2, · · · ) of f are well defined and {fn(z)} forms a normal family. The complement of F (f)

is called the Julia set J(f) of f(z). It is well known that F (f) is open, J(f) is closed and

non-empty. In general, the Julia set is very complicated. Some basic knowledge of complex

dynamics of meromorphic functions can be found in Bergweiler’s paper [4] and Zheng’s book

[29].

The Nevanlinna theory is an important tool in this paper, its usual notations and basic

results come mainly from [8, 10, 14]. We use λ(f) and µ(f) to denote the order and the lower

order of f respectively, which are defined as [23, Definition 1.6]

λ(f) = lim sup
r→∞

log+ T (r, f)

log r
, µ(f) = lim inf

r→∞

log+ T (r, f)

log r
,
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and denote the deficiency of f at the point a by [14, p.46]

δ(a, f) = lim inf
r→∞

m(r, 1
f−a )

T (r, f)
, δ(∞, f) = lim inf

r→∞

m(r, f)

T (r, f)
.

Baker [2] first observed that for a transcendental entire function f(z), the Julia set can

not be contained in any finite set of straight lines, so it can not lie in finitely many rays

emanating from the origin. Qiao [18] introduced the definition of limiting direction of J(f), and

proved that the Julia set of a transcendental entire function of finite order has infinitely many

limiting directions. Here, a limiting direction of J(f) means a limit of the set {arg zn | zn ∈

J(f) is an unbound sequence}. For such limit θ, Zheng say that the Julia set has the radial

distribution with respect to the ray arg z = θ [27]. Indeed, he need θ to satisfy the requirement

that Ω(θ − ε, θ + ε) ∩ J(f) is unbounded for any ε > 0, where

Ω(θ − ε, θ + ε) = {z ∈ C : arg z ∈ (θ − ε, θ + ε)}.

It is easy to see that Qiao’s definition and Zheng’s definition are the same in essence. Define

∆(f) = {θ ∈ [0, 2π) : arg z = θ is a limiting direction ofJ(f)}.

Clearly, ∆(f) is closed, by mes∆(f) we stand for its linear measure.

If f(z) is a transcendental entire function of finite lower order, Qiao [19] proved that

mes ∆(f) ≥ min{2π, π/µ(f)}. The example in [2] showed that there exists an entire function

of infinite lower order whose Julia set has only one limiting direction. Later some observa-

tions for a transcendental meromorphic function f(z) were made by [21, 27]: if µ(f) <∞ and

δ(∞, f) > 0, then

mes∆(f) ≥ min

{

2π,
4

µ(f)
arcsin

√

δ(∞, f)

2

}

.

Naturally, it is interesting what happens to the limiting directions of meromorphic functions,

even entire functions, with infinite lower order. However, since then, there is few answer until

Huang and Wang considered entire solutions of the following linear differential equations [12, 13]

f (n) +An−1f
(n−1) + · · · +A0f = 0, (1.1)

where Ai(z)(i = 0, 1, · · · , n − 1) are entire functions of finite lower order. The zeros of tran-

scendental solutions of (1.1) was studied by Lan and Chen [15]. When A0 is transcendental and

T (r, Ai) = o(T (r, A0))(i = 1, 2, · · · , n− 1) as r → ∞, every nontrivial solution f of (1.1) is an

entire function of infinite lower order, and mes∆(f) ≥ min{2π, π/µ(A0)} by [13]. By [23, Theo-

rem 1.18], if λ(Ai) < µ(A0)(j = 1, 2, · · · , n−1), then T (r, Ai) = o(T (r, A0))(i = 1, 2, · · · , n−1).

Recently, Zhang et al. [25] investigated the common limiting directions of solutions and

their k-th derivative of (1.1), and they obtained mes(∆(f) ∩ ∆(f (k))) ≥ min{2π, π/µ(A0)}.

They also dealt with some second order differential equations, where one coefficient is of small

growth, and the other one has a finite deficient value [26]. Indeed, Qiao [20] already pointed

out that the Julia set of a transcendental entire function of finite lower order, its derivative and

its primitive have a large amount of common radial distribution. His result is stated as follows.

Theorem A Let f be a transcendental entire function of lower order µ < ∞. Then

there exists a closed interval I ⊂ R such that all θ ∈ I are the common limiting directions of

J(f (n)), n = 0,±1,±2, · · · , and mes I ≥ min{2π, π/µ}. Here f (n) denotes the n-th derivative

or the n-th integral primitive of f for n ≥ 0 or n < 0, respectively.
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