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Abstract The article investigates the growth of multiple Dirichlet series. The lower order

and the linear order of n-tuple Dirichlet series in C
n are defined and some relations between

them and the coefficients and exponents of n-tuple Dirichlet series are obtained.
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1 Introduction

N -tuple Dirichet series is a function with the following form

f(s1, s2, · · · , sn) =

∞
∑

m1=1

∞
∑

m2=1

· · ·
∞
∑

mn=1

am1m2···mn
e−λ(1)

m1
s1−λ(2)

m2
s2···−λ(n)

mn
sn , (1.1)

where for every j ∈ {1, 2, · · · , n}, 0 < {λ(j)
mj} ↑ +∞, sj = σj + iτj , σj , τj ∈ R(j = 1, 2, · · · , n).

In order to simplify the form of n-tuple Dirichlet Series, we denote S = (s1, s2, · · · , sn) ∈
Cn, m = (m1, m2, · · · , mn) ∈ Nn, λm = (λ

(1)
m1 , λ

(2)
m2 , · · · , λ

(n)
mn) ∈ Rn and λmS = (λ
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(2)
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λ
(n)
mn) (s1, s2, · · · , sn) = λ

(1)
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(2)
m2s2 + · · · + λ

(n)
mnsn. The n-tuple Dirichlet series can also be

denoted by

f(S) =
∑

m

ame−λmS .

Let
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If {Sm(S)} is bounded for a group of complex numbers (s1, s2, · · · , sn) in Cn and the limit

lim
mj→∞

j=1,2,··· ,n

Sm(S)

exists, then we say that series (1.1) is boundedly convergent for the group of numbers, and the

limit is called as the sum of series (1.1). If {Sm(σ10 + iτ1, σ20 + iτ2, · · · , σn0 + iτn)}(m ∈ Nn)

converges uniformly with respect to −∞ < τj < ∞ (j = 1, 2, · · · , n), and the limit

lim
m→∞n

Sm(σ10 + iτ1, σ20 + iτ2, · · · , σn0 + iτn)

exists uniformly with respect to −∞ < τj < ∞ (j = 1, 2, · · · , n), then we say that series (1.1)

is uniformly and boundedly convergent on (σ1 = σ10 , σ2 = σ20 , · · · , σn = σn0). And if the limit

lim
m→∞n

∑

m

|aje
−λjS |

exists for a group of complex numbers (s1, s2, · · · , sn), then we say that series (1.1) is absolutely

convergent for the group of numbers. Series (1.1) has grouped relative boundedly convergent

abscissas (σ1b
, σ2b

, · · · , σnb
), grouped relative uniformly and boundedly convergent abscissas

(σ1u
, σ2u

, · · · , σnu
), and grouped relative absolutely convergent abscissas (σ1a

, σ2a
, · · · , σna

),

where these numbers of σ1b
, σ2b

, · · · , σnb
, σ1u

, σ2u
, · · · , σnu

, σ1a
, σ2a

, · · · , σna
can be either finite

or infinite. When σ1 > σ1b
, σ2 > σ2b

, · · · , σn > σnb
, series (1.1) is boundedly convergent; while

σ1 < σ1b
, σ2 < σ2b

, · · · , σn < σnb
, series (1.1) is not boundedly convergent. When σ1 = σ10 >

σ1u
, σ2 = σ20 > σ2u

, · · · , σn = σn0 > σnu
, series (1.1) is uniformly and boundedly convergent on

σ1 = σ10 , σ2 = σ20 , · · · , σn = σn0 ; while σ1 = σ11 < σ1u
, σ2 = σ21 < σ2u

, · · · , σn = σn1 < σnu
,

series (1.1) is not uniformly and boundedly convergent on σ1 = σ11 , σ2 = σ21 , · · · , σn = σn1 .

When σ1 > σ1a
, σ2 > σ2a

, · · · , σn > σna
, series (1.1) is absolutely convergent, while σ1 <

σ1b
, σ2 < σ2b

, · · · , σn < σnb
, series (1.1) is not absolutely convergent.

We build an n-dimension space of {σ1, σ2, · · · , σn} and denote the relative boundedly con-

vergent abscissas, relative uniformly and boundedly convergent abscissas, and relative abso-

lutely convergent abscissas by the points of the space. Now we make a straight line in the space

as follows:

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



σ1 = rΦ1(φ) = r sin φn−1 sinφn−2 · · · sinφ2 sin φ1 + c1;

σ2 = rΦ2(φ) = r sin φn−1 sinφn−2 · · · sinφ2 cosφ1 + c2;

· · ·
σn−1 = rΦn−1(φ) = r sin φn−1 cosφn−2 + cn−1;

σn = rΦn(φ) = r cosφn−1,

where φ = (φ1, φ2, · · · , φn−1) ∈ (0, π
2 )n−1, C = (c1, c2, · · · , cn−1, 0) ∈ Cn and r ∈ R is a varied

parameter.

We denote the relative boundedly convergent abscissas on the line by

σb(C, φ) = (σ1b
(C, φ), σ2b

(C, φ), · · · , σnb
(C, φ)),

the relative uniformly and boundedly convergent abscissas by

σu(C, φ) = (σ1u
(C, φ), σ2u

(C, φ), · · · , σnu
(C, φ)),
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