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1. Introduction

For a closed, oriented and connected 3-manifold equipped with an SO(3)-bundle that
restricts non-trivially to some embedded, oriented surface, Floer [5] defined a relatively
7, /8-graded complex vector space called instanton homology. We call such bundles non-
trivial admissible. Floer also earlier defined his instanton homology for integral homology
3-spheres, in which case the bundle is trivial [4]. When the bundle is non-trivial, the in-
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stanton homology comes with a degree four endomorphism u, which is an isomorphism.
In fact, the degree zero endomorphism u? — 64 is nilpotent, as exhibited in the work of
Frgyshov [6]. Although the expression u? — 64 is in general not well-defined on Floer’s
instanton homology in the homology 3-sphere case, it does make sense in the framework
of Frgyshov’s reduced instanton homology groups in [6], and Frgyshov proves that u? — 64
is nilpotent in this context as well.

The instanton homology of a surface times a circle with bundle whose second Stiefel-
Whitney class is Poincaré dual to the circle plays an important role in the general
structure of instanton homology. It is equipped with a ring structure, which was com-
puted by Mufioz [17]. Using Mufioz’s ring one can also see the nilpotency of u? — 64 for
non-trivial admissible bundles.

Our first result is on the degree of this nilpotency. Let X be a closed, oriented surface

of genus g > 1, and denote Munoz’s instanton homology with non-trivial bundle as above
by I(X x S1),.

Theorem 1. The endomorphism u? — 64 acting on the instanton homology I(X x S'),,
satisfies

min{n >1: (u? - 64)" = 0} =2[g/2] - 1.

This in turn gives an upper bound for the nilpotency degree of u? — 64 on the instanton
homology of an arbitrary 3-manifold with non-trivial admissible bundle. Following the
notation of [13], suppose Y is a closed, oriented and connected 3-manifold with a Her-
mitian line bundle w — Y whose first chern class has odd pairing with some closed,
oriented surface ¥ C Y. The class wo(w) determines the SO(3)-bundle used to define the
instanton homology I(Y),,. In the sequel we call the pair (Y, w) non-trivial admissible.
In the cylinder Y x R, take a ¥ x D? neighborhood of the surface ¥ x {0}. By a stretching
argument employed by Frgyshov, the u-map of I(Y),, factors through I(S* x ¥),, and
we have, cf. [6, Thm. 9]:

Corollary 1. Let (Y,w) be a non-trivial admissible pair. If there is a closed oriented
surface X C'Y of genus zero with w|s, nontrivial, then I(Y),, = 0. Otherwise, u? — 64
acting on I(Y),, satisfies

min{n >1: (u?—64)" = 0} <2[g/2] -1

where g > 1 is the minimal genus over all closed oriented surfaces ¥ C'Y with w|s
non-trivial.

One may go on to deduce results regarding the instanton homology of homology 3-spheres
from Theorem 1 and Floer’s exact triangle, but, as we remark in the closing of this
introduction, the full power of the above nilpotency degree seems most relevant for
non-trivial bundles.
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