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We characterize primary operations in differential cohomol-
ogy via stacks, and illustrate by differentially refining Steen-
rod squares and Steenrod powers explicitly. This requires a 
delicate interplay between integral, rational, and mod p co-
homology, as well as cohomology with U(1) coefficients and 
differential forms. Along the way we develop computational 
techniques in differential cohomology, including a Künneth 
decomposition, that should also be useful in their own right, 
and point to applications to higher geometry and mathemat-
ical physics.

© 2018 Elsevier Inc. All rights reserved.

Contents

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 520
2. Formulation of primary operations in differential cohomology . . . . . . . . . . . . . . . . . . . . 524

2.1. Classical cohomology operations via (co)chains and via symmetric group actions . . 524
2.2. Stacks associated to differential cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . 527
2.3. General differential cohomology operations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 532

3. Differential Steenrod operations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 540
3.1. Relationship with the Deligne–Beilinson cup product . . . . . . . . . . . . . . . . . . . . . 543
3.2. Properties of the differential Steenrod operations . . . . . . . . . . . . . . . . . . . . . . . . 555
3.3. Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 557

E-mail address: hsati@nyu.edu (H. Sati).

https://doi.org/10.1016/j.aim.2018.07.019
0001-8708/© 2018 Elsevier Inc. All rights reserved.

https://doi.org/10.1016/j.aim.2018.07.019
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
mailto:hsati@nyu.edu
https://doi.org/10.1016/j.aim.2018.07.019
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2018.07.019&domain=pdf


520 D. Grady, H. Sati / Advances in Mathematics 335 (2018) 519–562

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 561
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 561

1. Introduction

Cohomology operations with coefficients in a group G are natural transformations of 
the form Hn(−; G) → Hm(−; G). By Brown representability and the Yoneda lemma this 
is equivalent to calculating the universal cohomology group of Eilenberg–MacLane spaces 
Hm(K(G, n); G), which is in turn equivalent to calculating the homotopy classes of maps 
[K(G, n), K(G, m)]. Thus all cohomology operations of fixed degree are accounted for by 
calculating the cohomology of the Eilenberg–MacLane space K(G, n). To account for all 
cohomology operations one obviously has to vary both m and n. See [37] [46] for detailed 
accounts.

We are interested in differential cohomology (see [10] [19] [28] [45] [5] [6] [44] [1]). What 
replaces Eilenberg–MacLane spaces are various stacks of higher U(1)-bundles (n-bundles) 
with connections. Thus, cohomology operations will involve the differential cohomology 
of such stacks, and this process can be described via mapping spaces of stacks. For 
differential refinements we will need to study morphisms of stacks

θ̂ : BnU(1)∇ −→ BmU(1)∇ , (1.1)

where BnU(1)∇ represents the moduli stack of n-bundles equipped with connection, 
studied in [13][15][16]. The homotopy classes of such morphisms will in turn describe the 
differential cohomology group

Ĥk+1(BnU(1)∇; Z) := π0Map
(
BnU(1)∇,BkU(1)∇

)
.

One of the main goals of this paper is to characterize this group for various values of k
and n. This in turn will lead to a full characterization of primary cohomology operations 
in differential cohomology.

Since differential cohomology operations, as we will see, involve various coefficients, 
we find it useful to point out the interrelations that already exist between these (we 
found the discussion in [18] particularly useful). This should also help us develop some 
intuition for the full differential case. Note that for coefficients being one of Z, Z/p or Q
i.e. an abelian group, then the set of all cohomology operations Hm(K(G, n); G), where 
G and G′ are from the above set, will also be abelian.

Operations from Z/p to Q. We know that Hq(K(G, n); Q) = 0 for all q > 0 when G is a 
finite abelian group, i.e. for us Z/p. This shows that there are no nontrivial cohomology 
operations from Z/p-coefficients to Q-coefficients.
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