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‘We prove that for every cardinal x smaller than the first Mahlo
cardinal there is a reflexive Banach space of density x without
subsymmetric basic sequences. As for Tsirelson’s space, our
construction is based on the existence of a rich collection
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MSC: of homogeneous families on large index sets for which one
03EO05 can estimate the complexity on any given infinite set. This
05D10 is used to describe detailedly the asymptotic structure of the
jggég spaces. The collections of families are of independent interest

16526 and their existence is proved inductively. The fundamental
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Nonseparable Banach spaces

1. Introduction

Recall that a set of indiscernibles for a given structure M is a subset X with a
total ordering < such that for every positive integer n every two increasing n-tuples
1 < To < -+ <xpand y; < yo < --- < yp of elements of X have the same properties
in M. A simple way of finding an extended structure on x without an infinite set of
indiscernibles is as follows. Suppose that F is a family of finite subsets of x that is
compact, as a natural subset of the product space 2”, and large, that is, every infinite
subset of x has arbitrarily large subsets in F. Let Mz be the structure (x, (F N [k]™))
that has x as universe and that has infinitely many n-ary relations F N [k]™ C []". It is
easily seen that Mz does not have infinite indiscernible sets.

While in set theory and model theory indiscernibility is a well-studied and unambigu-
ous notion, in the context of the Banach space theory it has several versions, the most
natural one being the notion of a subsymmetric sequence or a subsymmetric set. In a
normed space (X, || - |), a sequence (z4)acr indexed in an ordered set (I, <) is called
C-subsymmetric when

n n
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for every sequence of scalars (aj);?:l and every a1 < -+ < ay, and [y < -+ < By in 1.
When C' = 1 this corresponds exactly to the notion of an indiscernible set and it is easily
seen that this can always be assumed by renorming X with an appropriate equivalent
norm. Another closely related notion is unconditionality. Recall that a sequence (z;);ers

in some Banach space is C-unconditional whenever

1D biaswi|| < Ol asas|
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for every sequence of scalars (a;);c; and every sequence (6;);ecr of signs. Of particular
interest are the indiscernible coordinate systems, such as the Schauder basic sequences.
The unit bases of the classical sequence spaces £,, p > 1 or ¢y (in any density) are
subsymmetric and unconditional (in fact, symmetric, i.e. indiscernible by permutations)
bases. Moreover, every basic sequence in one of these spaces has a symmetric subse-
quence. But this is not true in general: there are basic sequences without unconditional
subsequences, the simplest example being the summing basis of ¢y. However, it is more
difficult to find a weakly-null basis without unconditional subsequences (B. Maurey and
H.P. Rosenthal [17]). Now we know that there are Banach spaces without unconditional
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