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We study ideals in Hall algebras of monoid representations
on pointed sets corresponding to certain conditions on
the representations. These conditions include the property
that the monoid act via partial permutations, that the
representation possess a compatible grading, and conditions
on the support of the module. Quotients by these ideals lead
to combinatorial Hopf algebras which can be interpreted as
Hall algebras of certain sub-categories of modules. In the case
of the free commutative monoid on n generators, we obtain
a co-commutative Hopf algebra structure on n-dimensional
skew shapes, whose underlying associative product amounts
to a “stacking” operation on the skew shapes. The primitive
elements of this Hopf algebra correspond to connected skew
shapes, and form a graded Lie algebra by anti-symmetrizing
the associative product. We interpret this Hopf algebra as
the Hall algebra of a certain category of coherent torsion
sheaves on A”]Fl supported at the origin, where F; denotes
the field of one element. This Hopf algebra may be viewed
as an n-dimensional generalization of the Hopf algebra of
symmetric functions, which corresponds to the case n = 1.
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1. Introduction

This paper introduces a Lie algebra structure st, on n-dimensional connected skew
shapes. The enveloping algebra U(st,) is constructed as the Hall algebra of a sub-
category of torsion sheaves on A7F1 supported at the origin, where F; denotes the “field
of one element”. The connected skew shapes correspond to the indecomposable objects
of this category. In the introduction below we explain how the Hall algebra construction,
applied in non-additive contexts such as that of algebraic geometry over F; produces
combinatorial Hopf algebras of a representation theoretic nature which can be viewed as
degenerations of quantum-group like objects over F,.

1.1. Hall algebras of Abelian categories

The study of Hall algebras is by now a well-established area with several applications
in representation theory and algebraic geometry (see [15] for a very nice overview). We
briefly recall the generic features of the most basic version of this construction. Given
an abelian category C, let

FZZ(C) = {AO CA C---C Az‘ A € Ob(C)}

denote the stack parametrizing flags of objects in C of length ¢ + 1 (viewed here simply
as a set). Thus

Fly(C) = Iso(C),
the moduli stack of isomorphism classes of objects of C, and
Fi;(C) = {Ag C Aq| Ag, A1 € Ob(C)}
is the usual Hecke correspondence. We have maps
m: Fl1(C) = Flp(C), i =1,2,3 (1)
where

7T1(A0 C Al) ES AQ
7T2(A() C Al) = A1
7T3(A0 C Al) = Al/AQ

We may then attempt to define the Hall algebra of C as the space of Q-valued functions
on Fly(C) with finite support, i.e.

He = Q¢[Flo(C)]
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