Advances in Mathematics 331 (2018) 239-267

Contents lists available at ScienceDirect

MATHEMATICS

Advances in Mathematics

www.elsevier.com /locate/aim

On the embeddability of real hypersurfaces into )

Check for

hyperquadrics

Ilya Kossovskiy "*, Ming Xiao ¢

& Department of Mathematics, University of Vienna, Austria

Department of Mathematics, Masaryk University, Brno, Czechia
¢ Department of Mathematics, University of California — San Diego, United States
of America

ARTICLE INFO ABSTRACT
Article history: A well known result of Forstneri¢ [15] states that most
Received 22 September 2015 real-analytic strictly pseudoconvex hypersurfaces in complex

Accepted 20 December 2016
Available online xxxx
Communicated by C. Fefferman

space are not holomorphically embeddable into spheres of
higher dimension. A more recent result by Forstnerié¢ [16]
states even more: most real-analytic hypersurfaces do not
admit a holomorphic embedding even into a merely algebraic

Keywords:

CR-manifolds hypersurface of higher dimension, in particular, a hyper-
CR-embeddings quadric. We emphasize that both cited theorems are proved
Associated differential equations by showing that the set of embeddable hypersurfaces is a
Differential invariants set of first Baire category. At the same time, the classical

theorem of Webster [30] asserts that every real-algebraic Levi-
nondegenerate hypersurface admits a transverse holomorphic
embedding into a nondegenerate real hyperquadric in complex
space.

In this paper, we provide effective results on the non-
embeddability of real-analytic hypersurfaces into a hyper-
quadric. We show that, under the codimension restriction
N < 2n, the defining functions ¢(z, z,u) of all real-analytic
hypersurfaces M = {v = ¢(z,%,u)} C C"*! containing Levi-
nondegenerate points and locally transversally holomorphi-
cally embeddable into some hyperquadric @ C CN+! satisfy
an ungversal algebraic partial differential equation D(y) = 0,
where the algebraic-differential operator D = D(n,N)
depends on n > 1, n < N < 2n only. To the best of
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our knowledge, this is the first effective result characterizing
real-analytic hypersurfaces embeddable into a hyperquadric
of higher dimension. As an application, we show that for
every n, N as above there exists p = u(n, N) such that a
Zariski generic real-analytic hypersurface M C C*t! of degree
> is not transversally holomorphically embeddable into any
hyperquadric @ C CN*!, We also provide an explicit upper
bound for p in terms of n, N. To the best of our knowledge,
this gives the first effective lower bound for the CR-complexity
of a Zariski generic real-algebraic hypersurface in complex
space of a fixed degree.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Let M Cc C**!', n > 1 be a real-analytic Levi-nondegenerate hypersurface. The cele-
brated theory due to Chern and Moser [6] (see also Cartan [5]) asserts that only a very
rare such M admits a local biholomorphic mapping into a nondegenerate real hyper-
quadric

Q= {[60, s &nr1] € CP"™ o [&o* + oo+ [€k[” — [ |* — . = € [P = 0}

Moreover, Chern and Moser show that the existence of the desired biholomorphic map-
ping into a hyperquadric is equivalent to vanishing of a special CR-curvature of a real
hypersurface M.

A natural problem to pursue in view of the Chern—Moser theory is the possibility
to construct a local holomorphic embedding F : (M,p) — (Q,p’) of a real-analytic
hypersurface M C C"*!, n > 1 into a hyperquadric @ C CN*! of higher dimension.
Here by a holomorphic embedding F of M C C" into M’ C CV, we mean a holomorphic
embedding of an open neighborhood U of M in C" into a neighborhood U’ of M’ in C¥,
sending M into M’. One usually presumes certain nondegeneracy conditions for the
mapping F, such as transversality (the latter means that dF/(C" )|, ¢ T,y Q).

The existence of a transversal holomorphic embedding into a hyperquadric can be
viewed as a finite CR-complexity of a real hypersurface (see, e.g., [13]). The latter is ad-
dressed as the minimal possible difference N —n between the CR-dimensions of the target
hyperquadric and the source real hypersurface. An alternative approach to complexity
in CR~geometry is due to the school of D’Angelo, see, e.g., [7-9]. A strong motivation for
studying the embedding problem is the celebrated theorem of Webster [30] which states
that every real-algebraic Levi-nondegenerate hypersurface admits a transverse holomor-
phic embedding into a nondegenerate real hyperquadric in complex space. Thus, every
algebraic Levi-nondegenerate hypersurface has a finite CR-complexity.

Since the work of Webster, a large number of publications have been dedicated to
studying holomorphic embeddings of real hypersurfaces into hyperquadrics. However,
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