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such self-similar actions using a suitable notion of graph
automaton. Self-similar groupoid actions have a Cuntz—
Pimsner algebra and a Toeplitz algebra, both of which carry
natural dynamics lifted from the gauge actions. We study

Keywords:

States the equilibrium states (the KMS states) on the resulting
Operator algebras dynamical systems. Above a critical inverse temperature,
Self-similar actions the KMS states on the Toeplitz algebra are parametrised
Groupoids by the traces on the full C*-algebra of the groupoid, and we

describe a program for finding such traces. The critical inverse
temperature is the logarithm of the spectral radius of the
incidence matrix of the graph, and at the critical temperature
the KMS states on the Toeplitz algebra factor through states
of the Cuntz—Pimsner algebra. Under a verifiable hypothesis
on the self-similar action, there is a unique KMS state on
the Cuntz—Pimsner algebra. We discuss an explicit method of
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computing the values of this KMS state, and illustrate with
examples.
© 2018 Published by Elsevier Inc.

1. Introduction

A self-similar group (G, X) consists of a finite set X and a faithful action of a group
G on the set X™* of finite words in X, such that: for each g € G and = € X, there exists
h € G satisfying

g (zw) = (g-z)(h-w) for all w € X™.

Self-similar groups are often defined recursively using data presented in an automaton
(see, for example, [20, Chapter 1] or §2 below). To each self-similar group (G, X), Nekra-
shevych associated a C*-algebra O(G, X), which is by definition the Cuntz—Pimsner
algebra of a Hilbert bimodule over the reduced group algebra C}(G) [19,21].

We recently studied the Toeplitz algebra 7 (G, X) of this Hilbert bimodule [17]. Both
T(G, X) and O(G, X) carry natural gauge actions of the unit circle, and composing with
the exponential map gives actions « of the real line. In [17], we classified the equilibrium
states (the KMS states) of the dynamical systems (7 (G, X), R, «) and (O(G, X),R, a).
We found a simplex of KMS states on T(G, X) at all inverse temperatures larger than
a critical value In |X|, and showed, under a mild hypothesis on (G, X), that there is a
single KMS state on O(G, X) whose inverse temperature is In|X]|.

Here we consider a new kind of self-similarity involving an action of a groupoid G
on the path space E* of a finite directed graph E, which we view as a forest of trees
{vE* :v € E}. An equation of the form

g-(en)=(g-e)(h-p)

for paths ey defines an isomorphism h of the subtree s(e)E* onto s(g - e)E*. We call h
a partial isomorphism of E*. The partial isomorphisms of E* form a groupoid PIso(E*)
with unit space E°. A self-similar action of a groupoid G with unit space E° is then a
groupoid homomorphism of G into PIso(E*).

Our results are motivated by a construction of Exel and Pardo [8], who studied a family
of self-similar actions of groups on path spaces. Their main motivation was to provide
a unified theory that accommodates both Nekrashevych’s Cuntz—Pimsner algebras and
a family of “Katsura algebras” [13] that includes all Kirchberg algebras. We seck a
common setting for the analyses of KMS states on self-similar groups in [17] and on the
Toeplitz—Cuntz—Krieger algebras of graphs [7,12,10,11].

To each of our self-similar actions (G, E) we associate a Toeplitz algebra T (G, E)
and a Cuntz—Pimsner algebra O(G, E), and study the dynamics arising from the gauge
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