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1. Introduction
1.1. Formulation of the problem

We consider the following version of the parabolic—elliptic Keller—Segel model of
chemotaxis in d > 2 space dimensions

u + (=A)*u 4+ V- (uVv) =0, zeRY t>0, (1.1)
Av+u=0, zeR? t>0, (1.2)

supplemented with the nonnegative initial condition
u(z,0) = up(x). (1.3)

Here the unknown variables u = u(x,t) and v = v(x,t) correspond to the density of the
population of microorganisms (e.g. swimming bacteria or slime mold) and the density
of the chemical substance secreted by themselves that attracts them and makes them to
aggregate. In this work, a diffusion process described by model (1.1)—(1.3) is given by the
fractional power of the Laplacian (—A)®/2 with o € (0,2) which is a pseudodifferential
operator with a symbol |£]%, see e.g. [25] for a comprehensive treatment of nonlocal
diffusion operators. In case of sufficiently regular functions, we also have the following
well-known representation of the fractional Laplacian with a € (0, 2)

— (=)™ 24(z) :A(y{‘% %d% (1.4)

{ly|>a}

where, by e.g. [21, Th. 1], [31],

_ _2°T (%)
A= Ald,a) = FCo)] (1.5)

The initial datum in (1.3) is a nonnegative function ug € L'(RY) of the total mass
M = [;, uo(x) dz which is conserved during the evolution of (suitably regular) solutions

M = /u(x,t) dz  forall ¢€][0,T). (1.6)
Rd

Note, however, that a natural scaling for system (1.1)—(1.2)
ux(z,t) = A%u(Az, \*t) for each A >0, (1.7)

leads to the equality [p. ux(z,t)dz = A*"4 [L, u(z,t)dz, i.e. for a # d, the total mass
of a rescaled solution uy can be chosen arbitrarily with suitable A > 0.
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