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counterparts. For example, the free Poincaré inequality has a
slight change which seems to account for the lack of invariance
under rotations of the base measure. Another instance is the
modified Wasserstein distance on the circle which provides
the tools for analyzing transportation, Log-Sobolev, and HWI
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1. Introduction

An intensive area of research nowadays is functional inequalities. In the classical case
these reflect various aspects of operator theory, mass transport, concentration of measure,
isoperimetry and analysis of Markov processes.

To describe the setup, we start with a Riemannian manifold M and a probability
measure v on it. The classical transportation cost inequality states that for some p > 0
and any other choice of probability measure p on M the following holds

pW3(p,v) < E(ulv). (T(p))

Here W (p,v) denotes the Wasserstein distance between p and v (probability measures
of finite second moment) given by

Walwov) = it (//ci(:v,:t/)27r(clau,dy))l/2

m €I (p,v)

where II(u, v) stands for the set of probability measures on M x M with marginals p
and v and d(x,y) is the geodesic distance between the points xz,y. Also we use here

d
E(uly) = / tog L d

for the relative entropy of p with respect to v if 4 << v and +oo otherwise.
The classical Log-Sobolev inequality states that for any p

1
B(uly) < 5 1(ulv) (LSI(p))
where
d 2
1) = [ |7108 [

is the Fisher information of p with respect to v defined in the case p << v and j—fj‘ being
differentiable.

Another more refined inequality is the HWT inequality introduced in [21] which states
that for any choice of the measure p,

B(ulv) < /I(lv) Wa(p.v) = £ W3 (n.v). (HWI(p))

Finally, the classical Poincaré inequality states that for any compactly supported and
smooth function ¢ on M,

pVar, (1) < / Vo2 (dr) (P(p)
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