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The Cluster Value Theorem is known for being a weak version 
of the classical Corona Theorem. Given a Banach space X, we 
study the Cluster Value Problem for the ball algebra Au(BX), 
the Banach algebra of all uniformly continuous holomorphic 
functions on the unit ball BX ; and also for the Fréchet 
algebra Hb(X) of holomorphic functions of bounded type on 
X (more generally, for Hb(U), the algebra of holomorphic 
functions of bounded type on a given balanced open subset 
U ⊂ X). We show that Cluster Value Theorems hold for all 
of these algebras whenever the dual of X has the bounded 
approximation property. These results are an important 
advance in this problem, since the validity of these theorems 
was known only for trivial cases (where the spectrum is 
formed only by evaluation functionals) and for the infinite 
dimensional Hilbert space.
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As a consequence, we obtain weak analytic Nullstellensatz 
theorems and several structural results for the spectrum of 
these algebras.

© 2017 Elsevier Inc. All rights reserved.

0. Introduction

In the 1940’s a change of perspective in complex analysis emerged. S. Kakutani started 
a systematic study, from a Banach algebra point of view, of the space of bounded holo-
morphic functions on the open unit disk of the complex plane, H∞(D).

A prominent group of mathematicians (Kaplansky, Wermer, Kakutani, Buck, Roy-
den, Gleason, Arens and Hoffman) made several contributions in this line, and in 1961 
published a very interesting paper [23] under the fictitious name of I.J. Schark. They 
showed that for each function f ∈ H∞(D), the set of evaluations ϕ(f) of elements on the 
maximal ideal space lying in the fiber (this will be described soon) over a point z ∈ ∂D

coincides with the cluster set of f at z (i.e., the set of all limits of values of f along nets 
converging to z). This result, called the Cluster Value Theorem, was a sort of predecessor 
(and a weak version) of the famous Corona Theorem due to Carleson [13], which states 
that the characters given by evaluations on points of D are dense on the maximal ideal 
space of H∞(D).

Several domains where the Corona Theorem fails are known [24]. Also it is unknown 
whether there is any domain in Cn, for n ≥ 2, for which the Corona Theorem holds. On 
the other hand, up to our knowledge, no domain is known for which the Cluster Value 
Theorem is not true.

In the context of infinite dimensional complex analysis, characterizing the cluster 
set is a non-trivial task, even for interior points. This fact led, in the last years, many 
mathematicians in the area to study the Cluster Value Problem for different algebras 
of analytic functions on infinite dimensional Banach spaces. Among their contributions, 
they showed positive results on the Cluster Value Theorem for the algebra H∞(BX)
of bounded holomorphic functions on BX , the open unit ball of the Banach space X
[4,18,17]; the ball algebra Au(BX) of all uniformly continuous holomorphic functions 
on BX [4], and the algebra Hb(X) of holomorphic functions of bounded type on X [5]
(note that the first two, endowed with the norm ‖f‖ = supx∈BX

|f(x)| are Banach 
algebras and the last one, with the topology of uniform convergence on bounded sets, 
is a Fréchet algebra). These results were given for very specific Banach spaces. Namely, 
for the algebra H∞(BX), the known cases (besides finite dimensional spaces) are c0
and C(K), the space of null sequences and the space of continuous functions over a 
dispersed compact Hausdorff space K respectively [4,17]. For the algebras Au(BX) and 
Hb(X), the validity of the Cluster Value Theorem was known only for trivial cases (where 
the spectrum is formed only by evaluation functionals) and for the infinite dimensional 
Hilbert space [4,5]. Apart from these, there is (up to our knowledge) no general positive 
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