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1. Introduction
1.1. Main result: arithmetic

YURI MANIN proved in [26] that, given a number field K and a prime p, the order of
p-primary torsion points across all elliptic curves over K is bounded. Our main arithmetic
result is an analogous statement for higher dimensional abelian varieties, conditional on
LANG’s conjecture ([23, Conjecture 5.7], see Conjecture 1.15 below). Instead of p-primary
torsion, we treat the more tractable case of full level structures: a full level-m structure
on an abelian variety A of dimension ¢ is an isomorphism of group schemes on the
m-torsion subgroup

Alm] == (Z/mZ)% x (jim)?.
We do not require this isomorphism to be compatible with the Weil pairing.

Theorem 1.1 (Uniform power bound). Assume that LANG’s conjecture holds. Fix an in-
teger g, a prime number p, and a number field K. Then there is an integer r such that
no principally polarized abelian variety A/K of dimension g has full level-p™ structure.

See §1.4 for known results and variants of Theorem 1.1. The main ingredient in our
proof is a powerful result of ZUo [41].! The complex function field analogue of our result
is shown unconditionally by HWANG and To in [17, Theorem 1.3]. See also ROUSSEAU
[35] and BAKKER—TSIMERMAN |[3, Theorem A].

Theorem 1.1 is a byproduct of our ongoing pursuit of analogous results for K3 sur-
faces. That investigation follows on unconditional results of VARILLY-ALVARADO, with
MCKINNIE, SAWON and TANIMOTO in [28] and with VIRAY in [38]. However, Theo-
rem 1.1 is certainly closer in spirit to numerous unconditional results, of both geometric
and arithmetic nature, of CADORET and TAMAGAWA, as well as ELLENBERG, HALL, and
KOWALSKI; see e.g. [7,8], [12, Theorem 7], and especially CADORET’s conditional result

[6].

! In an earlier version of this article, we used instead a recent result of Popa and SCHNELL [33] to get
our main argument off the ground. Their result applies to arbitrary families of polarized varieties, not
necessarily of Torelli type.
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