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The denominator formula for the Monster Lie algebra is the
product expansion for the modular function J(z) — J(7) given
in terms of the Hecke system of SL(Z)-modular functions
jn(7). It is prominent in Zagier’s seminal paper on traces
of singular moduli, and in the Duncan-Frenkel work on
Moonshine. The formula is equivalent to the description of the
generating function for the j,(z) as a weight 2 modular form
with a pole at z. Although these results rely on the fact that
Xo(1) has genus 0, here we obtain a generalization, framed
in terms of polar harmonic Maass forms, for all of the X ()
modular curves. We use these functions to study divisors of
modular forms.
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1. Introduction and statement of results

As usual, let J(7) be the SLy(Z) Hauptmodul defined by

- 2mi Ey(r)? 2mi 2mi
J(r) = n;1 c(n)e”™" = A T44 = e “™7 4 196884e“™T 4 - - - |
where Ei(7) == 1 — é—i o 1 0k—1(n)e?™ 7 is the weight k € 2N Eisenstein series,

oe(n) =2 g d*, By, is the kth Bernoulli number, and A(7) := (E4(7)% — Eg(7)?)/1728.
By Moonshine (for example, see [14]), J(7) is the McKay—-Thompson series for the iden-
tity (i.e., its coefficients are the graded dimensions of the Monster module V). Moonshine
also offers the striking infinite product

J(Z) — J(T) — e—27\'iz H (1 _ eQTrimzeQTrinT)C(mn) ’
m>0, n€Z

the denominator formula for the Monster Lie algebra. Here we let 7, z € H. This formula
is equivalent to the following identity of Asai, Kaneko, and Ninomiya (see Theorem 3 of

21)
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The functions j,(7) form a Hecke system. Namely, if we let jo(7) := 1 and j1(7) := J(7),
then the others are obtained by applying the normalized Hecke operator T'(n)

n(7) = ja(7) | T(n). (1.2)

Remark. The functions H,(7) and j,(7) played central roles in Zagier’s [20] seminal
paper on traces of singular moduli and the Duncan—Frenkel work [13] on the Moon-
shine Tower. Carnahan [10] has obtained similar denominator formulas for completely
replicable modular functions.

If z € H, then H,(7) is a weight 2 meromorphic modular form on SLs(Z) with a single
pole (modulo SLy(Z)) at the point z. Using these functions, the divisor modular form of

a normalized weight k& meromorphic modular form f(7) on SLy(Z) was defined in [9] as’

! Note that this summation does not include the cusp ico.
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