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The aim of this paper is to study the singularities of certain
moduli spaces of sheaves on K3 surfaces by means of Nakajima
quiver varieties. The singularities in question arise from
the choice of a non-generic polarization, with respect to
which we consider stability, and admit natural symplectic
resolutions corresponding to choices of general polarizations.
For sheaves that are pure of dimension one, we show that
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these moduli spaces are, locally around a singular point,
isomorphic to a quiver variety and that, via this isomorphism,
the natural symplectic resolutions correspond to variations of
GIT quotients of the quiver variety.
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1. Introduction

A normal variety X is said to have symplectic singularities [3] if its smooth locus X*™
carries a holomorphic symplectic form ¢ having the property that, for any resolution
f:Y — X, the pull-back of o to f~1(X*™) extends to a holomorphic form oy on Y.
When this is the case, X is called a symplectic variety. A resolution f : ¥ — X of
a symplectic variety is called symplectic if, in addition, the holomorphic 2-form oy is
non-degenerate. In particular, a symplectic resolution is crepant. Symplectic resolutions
are rare: for example, C?"/ 4+ 1 with the standard symplectic form on the smooth locus
is a symplectic singularity, but it admits a symplectic resolution if and only if n = 1.

Examples of symplectic varieties and symplectic resolutions come from both repre-
sentation theory and the theory of moduli spaces of sheaves on K3 or abelian surfaces.
Among the symplectic varieties coming from representation theory, we find the nilpo-
tent cone of a complex semisimple Lie algebra and its Springer resolution, the quotients
of C2 by a finite group of symplectic automorphism and their minimal resolutions, and
Nakajima quiver varieties. Regarding moduli spaces of sheaves on a K3 surface, their
symplectic singularities come from two sources, when the Mukai vector is not primitive,
or when the polarization (more generally, the stability condition) is not general. We ex-
plain this in Section 2. In [30], Nakajima showed that the Hilbert—-Chow morphism,
from the Hilbert scheme of points on a holomorphic symplectic surface to the symmetric
product of the surface itself, can be described in terms of quiver varieties. This fruitful
interaction between quiver varieties and Hilbert schemes of points on surfaces has gener-
ated several results, especially on the cohomology and Chow groups of Hilbert schemes.
One of the aims of the present article is to generalize Nakajima’s description to other
moduli spaces and this is the first step in that direction.

Two particular cases of singularities due to a non-primitive Mukai vector were studied
by O’Grady [32], [33]. Through this study, he discovered two new examples of irreducible
holomorphic symplectic manifolds by exhibiting symplectic resolutions of two singu-
lar moduli spaces on a K3 surface and on an abelian surface, respectively. Inspecting
O’Grady’s construction, Kaledin, Lehn, and Sorger showed, in their inspiring paper [17],
that in the remaining cases with non-primitive Mukai vector the corresponding moduli
space has no symplectic resolution. Our aim is to continue their investigation, and to
study the case when the singularities of a moduli space of sheaves arise from the choice of
a non-generic polarization. In certain cases, moving slightly the polarization to a general
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