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We show the existence of the full compound asymptotics 
of solutions to the scalar wave equation on long-range 
non-trapping Lorentzian manifolds modeled on the radial 
compactification of Minkowski space. In particular, we show 
that there is a joint asymptotic expansion at null and timelike 
infinity for forward solutions of the inhomogeneous equation. 
In two appendices we show how these results apply to certain 
spacetimes whose null infinity is modeled on that of the Kerr 
family. In these cases the leading order logarithmic term in our 
asymptotic expansions at null infinity is shown to be nonzero.
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1. Introduction

In this paper we analyze the full compound asymptotics of solutions to the scalar 
wave equation on long-range non-trapping Lorentzian scattering manifolds. This class 
of Lorentzian scattering manifolds, introduced in [1], includes short-range perturbations 
of the Minkowski spacetimes as well as a broad class of rather different spacetimes 
that admit a compactification analogous to the spherical compactification of Minkowski 
space. In this paper we extend these results to the more physically meaningful setting of 
long-range perturbations of gravitational type: this entails adding a term to our metric 
that involves a constant Bondi mass. We analyze the compound asymptotics of scalar 
waves near the boundary at infinity. The most interesting region for this expansion 
is near the boundary of the light cone, where we obtain a full understanding of the 
asymptotics via an appropriately scaled blow-up; the front face of this blow-up, i.e., 
the new boundary face obtained by introduction of polar coordinates, is I +, the null 
infinity of our spacetime. We analyze the Friedlander radiation field, which is given by 
the restriction of the rescaled solution to I +; in particular we find as in [1] that the 
asymptotics of the radiation field in the “time-delay” parameter (given by s = 2(t − r)
in Minkowski space and subtler here owing to long-range effects) are determined by the 
resonance poles of an associated Laplace-like operator for an asymptotically hyperbolic 
metric on the “cap” in the sphere at infinity reached by forward limits of time-like 
geodesics. Among the main differences of the construction here and that used for the 
short-range case in [1] is the necessity of a change of C∞ structure on the compactified 
spacetime, prior to the radiation field blow-up, in order to construct the correct I +. We 
refer the reader to [1,8,12,17] for a discussion of the prior literature on radiation field 
decay and compound asymptotics near the light cone at infinity.

In particular, in the following theorem, the variable s is analogous to the “lapse 
function” 2(t − r) in Euclidean space; in the long-range case it is given instead by

s = 2(t− r) + m log r−1; (1.1)

here the logarithmic correction has a coefficient, denoted m, related to the long-range 
asymptotics permitted in our spacetimes. The geometric hypotheses of the theorem are 
spelled out in detail in Section 3 below, and indeed we will restate the theorem in a more 
precise fashion in Section 8.

Theorem 1.1. Let (M, g) be a non-trapping Lorentzian scattering manifold, and let

�gu = f

with u ∈ C−∞(M), f ∈ Ċ∞(M). Assume that u is a forward solution. Then u has a 
joint polyhomogeneous asymptotic expansion in s → ∞, r → ∞ (where r and s are as 
in equation (1.1))
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