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We study the Millson theta lift which maps weight −2k to 
weight 1/2 − k harmonic weak Maass forms for k ∈ Z, k ≥ 0, 
and which is closely related to the classical Shintani lift from 
weight 2k + 2 to weight k + 3/2 cusp forms. We compute the 
Fourier expansion of the theta lift and show that it involves 
twisted traces of CM values and geodesic cycle integrals of 
the input function. As an application, we recover Zagier’s 
generating series of twisted traces of singular moduli of weight 
1/2 as Millson lifts.

© 2018 Published by Elsevier Inc.

1. Introduction

A famous result of Zagier [24] states that the twisted traces of singular moduli, i.e., 
the values of the modular j-invariant at quadratic irrationalities in the upper half-plane, 
occur as the Fourier coefficients of weakly holomorphic modular forms of weight 1/2
and 3/2. Bruinier and Funke [12] showed that the weight 3/2 generating series of the 
traces of singular moduli can be obtained as the image of the Kudla–Millson theta lift of 
J = j−744. Using this approach, new proofs of Zagier’s results, including the modularity 
of generating series of twisted traces of singular moduli, and generalizations to higher 
weight and level have been studied in several recent works, e.g., [4], [15], [2], [5]. In the 

* Corresponding authors.
E-mail addresses: alfes@math.upb.de (C. Alfes-Neumann), 

schwagenscheidt@mathematik.tu-darmstadt.de (M. Schwagenscheidt).

https://doi.org/10.1016/j.aim.2018.02.015
0001-8708/© 2018 Published by Elsevier Inc.

https://doi.org/10.1016/j.aim.2018.02.015
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
mailto:alfes@math.upb.de
mailto:schwagenscheidt@mathematik.tu-darmstadt.de
https://doi.org/10.1016/j.aim.2018.02.015
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2018.02.015&domain=pdf


C. Alfes-Neumann, M. Schwagenscheidt / Advances in Mathematics 328 (2018) 858–889 859

present work, we study the so-called Millson theta lift which maps weight −2k to weight 
1/2 − k harmonic weak Maass forms, and which (for k = 0) yields Zagier’s generating 
series of twisted singular moduli of weight 1/2. We show that the Millson theta lift is 
related to the classical Shintani lift by the ξ-operator. Further, we compute the Fourier 
expansion of the Millson lift in terms of traces of CM values and cycle integrals of the 
input.

To illustrate our results, let us simplify the setup by restricting to modular forms for 
the full modular group Γ = SL2(Z). In the body of the paper we also treat forms for 
arbitrary congruence subgroups by using the theory of vector valued modular forms for 
the Weil representation of an even lattice of signature (1, 2).

We let z = x + iy ∈ H and q = e2πiz. Recall from [11] that a harmonic weak Maass 
form of weight k ∈ Z is a smooth function F : H → C which is invariant under the 
usual weight k slash operation of Γ, which is annihilated by the weight k hyperbolic 
Laplace operator Δk, and which is mapped to a cusp form of weight 2 − k under the 
antilinear differential operator ξkF (z) = 2iyk ∂

∂z̄F (z). The space of such forms is denoted 
by H+

k . The subspace of weakly holomorphic modular forms (being holomorphic on H) 
is denoted by M !

k, and the space of cusp forms is denoted by Sk. Every F ∈ H+
k has 

a Fourier expansion consisting of a holomorphic part F+ and a non-holomorphic part 
F−,

F (z) = F+(z) + F−(z) =
∑

n�−∞
a+(n)qn +

∑
n<0

a−(n)Γ(1 − k, 4π|n|y)qn,

where Γ(s, x) =
∫∞
x

ts−1e−tdt is the incomplete Gamma function. Harmonic weak Maass 
forms of half-integral weight for Γ0(4) are defined analogously.

Let D ∈ Z be a discriminant. We let QD be the set of integral binary quadratic forms 
Q(x, y) = ax2 + bxy + cy2 of discriminant b2 − 4ac = D. The modular group Γ acts on 
QD, with finitely many classes if D �= 0. For D < 0 we let Q+

D be the subset of positive 
definite (a > 0) forms. Further, for D < 0 the stabilizer ΓQ of Q ∈ QD in Γ = PSL2(Z)
is finite. Let Q ∈ QD. For D < 0 there is an associated CM point zQ ∈ H which is the 
solution of az2 + bz + c = 0, while for D > 0 the solutions of a|z|2 + bx + c = 0 define a 
geodesic cQ in H, i.e., a vertical line or a semi-circle centered at the real axis, which is 
equipped with a certain orientation.

Let Δ ∈ Z be a fundamental discriminant (possibly 1). For k ∈ Z≥0 with (−1)kΔ < 0
the Δ-th Shintani lift of a cusp form G ∈ S2k+2 is (in our normalization) defined by

ISh
Δ (G, τ) = −|Δ|−(k+1)/2

∑
d>0

(−1)k+1d≡0,1(4)

( ∑
Q∈Qd|Δ|/Γ

χΔ(Q)
∫

ΓQ\cQ

G(z)Q(z, 1)kdz
)
qd,

where χΔ is a generalized genus character, which is defined in Section 3.1. It is well 
known that the Shintani lift of F is a cusp form of weight 3/2 + k for Γ0(4) which 
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