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It is known that the Maxwell–Klein–Gordon equations in R3+1

admit global solutions with finite energy data. In this paper, 
we present a new approach to study the asymptotic behavior 
of these global solutions. We show the quantitative energy 
flux decay of the solutions with data merely bounded in some 
weighted energy space. We also establish an integrated local 
energy decay and a hierarchy of r-weighted energy decay. 
The results in particular hold in the presence of large total 
charge. This is the first result to give a complete and precise 
description of the global behavior of large nonlinear charged 
scalar fields.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

In this paper, we study the asymptotic behavior of solutions to the Maxwell–
Klein–Gordon equations on R3+1 with large Cauchy data. To define the equations, let 
A = Aμdx

μ be a 1-form. The covariant derivative associated to this 1-form is

Dμ = ∂μ +
√
−1Aμ,
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which can be viewed as a U(1) connection on the complex line bundle over R3+1 with 
the standard flat metric mμν . Then the curvature 2-form F is given by

Fμν = −
√
−1[Dμ, Dν ] = ∂μAν − ∂νAμ = (dA)μν .

This is a closed 2-form, that is, F satisfies the Bianchi identity

∂γFμν + ∂μFνγ + ∂νFγμ = 0. (1)

The Maxwell–Klein–Gordon equations (MKG) is a system for the connection field A and 
the complex scalar field φ:

{
∂νFμν = �(φ ·Dμφ) = Jμ;
DμDμφ = �Aφ = 0.

(MKG)

These are Euler–Lagrange equations of the functional

L[A, φ] =
¨

R3+1

1
4FμνF

μν + 1
2DμφDμφdxdt.

A basic feature of this system is that it is invariant under the following gauge transfor-
mation:

φ �→ eiχφ; A �→ A− dχ.

More precisely, if (A, φ) solves (MKG), then (A − dχ, eiχφ) is also a solution for any 
potential function χ. Note that U(1) is abelian. The Maxwell field F is invariant under 
the above gauge transformation and (MKG) is said to be an abelian gauge theory. For 
the more general theory when U(1) is replaced by a general compact Lie group, the 
corresponding equations are referred to as Yang–Mills–Higgs equations.

In this paper, we consider the Cauchy problem to (MKG). The initial data set 
(E, H, φ0, φ1) consists of the initial electric field E, the magnetic field H, together with 
initial data (φ0, φ1) for the scalar field. In terms of the solution (F, φ), on the initial 
hypersurface, these are:

F0i = Ei,
∗F0i = Hi, φ(0, x) = φ0, Dtφ(0, x) = φ1,

where ∗F is the Hodge dual of the 2-form F . In local coordinates (t, x),

(H1, H2, H3) = (F23, F31, F12).

The data set is said to be admissible if it satisfies the compatibility condition

div(E) = �(φ0 · φ1), div(H) = 0,
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