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Abstract. In this paper, we formulate best proximity pair theorems for noncyclic relatively
ρ-nonexpansive mappings in modular spaces in the setting of proximal ρ-admissible sets.
As a companion result, we establish a best proximity pair theorem for pointwise noncyclic
contractions in modular spaces. To that end, we provide some examples throughout the paper
to illustrate the validity of the obtained results.
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1. INTRODUCTION

Let X be an arbitrary vector space.

1. A function ρ : X → [0, ∞] is called a modular on X if for arbitrary x, y ∈ X ,

(a) ρ(x) = 0 if and only if x = 0,
(b) ρ(αx) = ρ(x) for every scalar α with |α| = 1,
(c) ρ(αx + βy) ≤ ρ(x) + ρ(y) if α + β = 1 and α, β ≥ 0.
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If (c) is replaced by (c)’: ρ(αx +βy) ≤ αρ(x)+βρ(y) if α+β = 1 and α, β ≥ 0,
we say ρ is convex modular.

2. A modular ρ defines a corresponding modular space, i.e. the vector space Xρ given by

Xρ = {x ∈ X : ρ(λx) → 0 as λ → 0}.

Xρ is a linear subspace of X .

The relevance of a best proximity pair, in a couple of non-empty, disjoint subsets A and B
of a modular space, is to act as a substitute in the absence of a fixed point. It is also used to
provide optimal solutions to the problem of best approximation between two sets.

Eldred, Kirk and Veeramani [7] established the existence of a best proximity pair
for noncyclic relatively nonexpansive mappings by using a geometric notion of proximal
normal structure in the setting of Banach spaces. The work of the afore-mentioned authors
generalizes the notion of normal structure introduced by Milman and Brodskii [6]. Recently,
Sankar and Veeramani established the existence and uniqueness of a best proximity pair for
noncyclic contraction maps as stated in [18]. Similar results in [1] were discussed by Taghafi
and Shahzad who proved the existence of a best proximity pair for a cyclic contraction map
in a reflexive Banach space. For other related results, we refer the reader to [1–5,9,10,21,22].

In this paper, we generalize the notion of proximal ρ-normal structure for a ρ-admissible
pair (A, B) in modular spaces. We also show that if A and B are proximal ρ-admissible
sets, and if the pair (A, B) has proximal ρ-normal structure, then every noncyclic relatively
ρ-nonexpansive map has a best proximity pair. As a companion result, we show the existence
and uniqueness of a best proximity pair theorem for pointwise noncyclic contractions in the
setting of modular spaces.

2. PRELIMINARIES

To describe our results, we need to review some basic definitions and notions related to
modular spaces, such as those formulated by Musielak and Orlicz [20]. For further details,
we refer the reader to [12,14,16,19]

Definition 1. Let Xρ be a modular space.

1. We say that (xn) is ρ-convergent to x and write xn → x (ρ) if and only if ρ (xn − x) →

0.
2. A sequence (xn), where xn ∈ Xρ , is called ρ-Cauchy if ρ (xn − xm) → 0 as n, m → ∞.
3. We say that Xρ is ρ-complete if and only if any ρ-Cauchy sequence in Xρ is ρ-

convergent.
4. A set C ⊂ Xρ is called ρ-closed if for any sequence (xn) of C , the convergence

xn → x(ρ) implies that x belongs to C .
5. A set C ⊂ Xρ is called ρ-sequentially-compact if for any sequence (xn) of C , there

exists a convergent subsequence
(
xnk

)
k of (xn) such that xnk → x(ρ) in C .

6. A set C ⊂ Xρ is called ρ-bounded if sup {ρ (x − y) : x, y ∈ C} < ∞.
7. We will say that ρ satisfies the Fatou property if

ρ(x) ≤ lim inf
n→∞

ρ(xn)

whenever xn → x (ρ).
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