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Some results and examples of the biharmonic maps with potential
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Abstract. In this paper, we will study the class of biharmonic maps with potential, in the
particular case represented by conformal maps between equidimensional manifolds. Some
examples are constructed in particular cases (Euclidean space and sphere).
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1. INTRODUCTION

The notion of harmonic maps with potential was first suggested by A. Ratto and A.
Fardoun (see [5] and [9]). Let (M™, g) and (N", h) be Riemannian manifolds, H a smooth
function on N, and let ¢ : M — N be a smooth map. We consider the following energy
functional

Ep(¢) = f (e (¢) — H (¢)) dv, D
K
for any compact subset K C M. The Euler-Lagrange equation of Ey(¢) is
u(¢) = 1(¢) + (grad" H) o ¢ =0, 2
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where 1(¢) = Tr,Vd¢ is the tension field of ¢. The smooth solutions of (2) will be
called harmonic maps with potential H. One can refer to [3], [5] and [9] for background on
harmonic maps with potential. In [4], the authors calculate the second variation for harmonic
maps with potential and they introduce the notion of biharmonic maps with potential. In
this paper, we will recalculate the second variation of the H-energy and the first variation
of the H-bi-energy (Theorems 1 and 2). As the second result we give the relation between
7. (@) and 15 (¢) (Theorem 3) where we study the case of the identity map (Corollary 2
and Theorem 2) and we construct some examples of biharmonic with a potential. Finally, we
study the particular of the conformal maps between equidimensional manifolds (Theorems 5
and 6).

2. THE SECOND VARIATION OF THE H-ENERGY FUNCTIONAL

Let¢ : (M™, g) — (N", h) be a harmonic map with potential H between Riemannian
manifolds. By a two parameter variation we mean a smooth map & : M x (—€,€) X
(—€,€) —> N defined by @ (x,1,5) = ¢, (x), such that ¢y = ¢. Its variation vector
fields are the vector fields v, w along ¢ defined by

8¢t,s
V= —
ot t=s=0
and
8¢t,s
w = .
as t=5s=0

Now suppose that M is compact and let V¢ denote the pull-back connection on ¢~ 'TN. By
the Leibniz rule,

¢

v
vy

2
(V¢)X,yv = V‘;}V?v -V
forany X,Y € I'(TM) andv € I" (¢~' T N) . On taking the trace we obtain
2 ¢
Tre(V*) v =v!Viv— VeV

where {¢;},<;<,, is an orthonormal frame on M and where we sum over repeated indices.
Under the notation above we have the following :

Theorem 1 (The Second Variation Formula). Let ¢ : (M", g) — (N, h) be a harmonic map
with potential H and suppose that M is compact, we have

2
0 =/ h (J;‘; (v),w) dv,. 3)
t=s=0 M

%EH (¢f,s)
where Jfl v)er (qb’lTN) is given by

T () = =Tre(V9) v — TreRY (v, d¢) d¢ — (VY grad¥ H) o . )

Proof of Theorem 1. Let & : M x (—€,€) X (—e,€) —> N, (x,t,5) —> D (x,t,5) =
¢:.s (x) be a smooth variation of ¢ with variation vector fields v and w. Let V2 denote the
pull-back connection on $~!'T N, a vector bundle over M x (—e¢, €) x (—¢, €). Note that

a 0 a 0
_,X = —,X = —_—, — :0
v )= e )= o)
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