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Abstract. The present study concerns the oscillation of a class of third-order nonlinear
delay differential equations with middle term. We offer a new description of oscillation
of the third-order equations in terms of oscillation of a related well studied second-order
linear differential equation without damping. By using the integral averaging technique, we
establish new oscillation results for this equation. Some examples are provided to illustrate
the main results.
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1. INTRODUCTION

This paper is concerned with the oscillation and the asymptotic behavior of the third-order
nonlinear functional differential equations with delayed argument
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for T > 7y. Assume that the following conditions are satisfied:

(Cy) ri,m,qe€ C(I, R+) ,6,0 € C(I,R)suchthat I =[19,00),6(r) <7t,0(1) <T,
o’ (1) > 0and lim,_, o6 (7) = lim;_, 5,0 (T) = 00.

(C,) There is areal function p(t), p(t) > O suchthat ¢ (t,u) > ki p (tr) u® and ¢ (7, —u) =
—¢ (T, u).

(C3) f e C(R,R) such that f (x) /x? > k, > 0, where a and B are quotients of odd
positive integers.

A function y is called a solution of (1.1), if y (t) satisfies (1.1) and if y, r;(y’)" and
ra(r (y/)a)/ € C'([ry,00), R) for some 7, > 7). We only consider those solutions of (1.1)
which satisfy sup {|y (t)| : 71 <t < oo} > 0O for any t; € I and exist on /. Such a solution
is called oscillatory if it has arbitrarily large zeros, otherwise it is called nonoscillatory.

Determining oscillation and nonoscillation of functional differential equations received
deal of a great interest in recent years, see the papers [1-24]. Special cases of Eq. (1.1)
include the equation

(n@ (1Y @)) +p @Y O +4@ (@) =0, (1.2)

The oscillatory behavior of solutions of (1.2) has been discussed in a number of studies, see
for example the papers by Tiryaki et al. [23], Aktas et al. [3], Grace [17] and Padhi et al. [20].

In this paper, we study the oscillation and asymptotic behavior of solutions of Eq. (1.1).
Our results improve and unify the results in Tiryaki et al. [23] and Elabbasy et al. [11], and
to extend and generalize the earlier ones presented in Bohner et al. [7].

2. SOME LEMMAS

In this section, we state and prove the following lemmas which we will use in the proof of
our main results. For simplicity, we introduce the following notation:

Eoy =Yy, Ely =rn ((E()y)/)a, Ezy = I"z(Ely)/, E3 = (Ezy)/,

o ds T ods
R (z, T1)=/ —, Ra(z, f1)=/ —,
o (11 (s))@ o 12(8)

1
RMum=/(&£ﬂ»d&
1.’1 I"] (S)

for 7p < 11 < t < 0o. We suppose that

and

Ry (t,79) > c0ast — o0
and

R, (t,79) > o0 as T — o0.

Lemma 2.1. [Grace [17]] Assume that x (t) is a bounded solution of equation

(rn(@x' (1) =G @x (). @2.1)
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