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Optimum solutions for a system of differential equations via
measure of noncompactness

M. Gabeleh∗, J. Markin †

Abstract. New classes of mappings, called cyclic (noncyclic) condensing operators, are intro-
duced and used to investigate the existence of best proximity points (best proximity pairs) with
the help of a suitable measure of noncompactness. In this way, we obtain some real generalizations
of Schauder and Darbo’s fixed point theorems. In the last section, we apply such results to study
the existence of optimum solutions to a system of differential equations.
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1 Introduction

Let X and Y be Banach spaces and K a subset of X . A mapping T from K into Y is said to be a
compact operator provided that T is continuous and send any bounded set into a relatively compact
one. It is worth noticing that in finite dimensional Banach spaces continuous mappings which are
defined on closed sets are compact. In integral equations Fredholm and Volterra operators with
sufficiently regular kernels are famous examples of compact operators on infinite dimensional
Banach spaces (see [3] for other interesting examples of compact operators).
In 1930 Schauder proved that every compact self-mapping defined on a nonempty, bounded, closed
and convex subset of a Banach space has a fixed point ([18]). Schauder’s fixed point theorem is
a very important tool to guarantee the existence of solutions of many nonlinear problems such as
ordinary and partial differential equations.
The notion of measure of compactness was first introduced by Kuratowski ([13]) in connection
with certain problems of General Topology. Darbo and Sadovkil used the concept of measure
of compactness to extend Schauder’s fixed point theorem to a wide class of operators, called
condensing operators ([6, 17]). We mention that a condensing operator is a mapping under which
the image of any set is in a certain sense more compact than the set itself. Recently, a great
deal of study [1, 4, 5, 14, 19] has been made in connection with generalizations of Darbo’s fixed
point theorem in order to study the existence of solutions for various classes of functional integral
equations.

Suppose A is a nonempty subset of a normed linear space X and T maps A into X . It is
clear that the necessary (but not sufficient) condition for the existence of a fixed point of T is
that the intersection of A and T (A) is nonempty. If T does not have any fixed point, then the
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