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a b s t r a c t

We re-consider the plate-like model of turbulence in the Earth’s core, proposed by Braginsky and Meytlis
(1990), and show that it is plausible for core parameters not only in polar regions but extends to mid- and
low-latitudes where rotation and gravity are not parallel, except in a very thin equatorial layer. In this
model the turbulence is highly anisotropic with preferred directions imposed by the Earth’s rotation
and the magnetic field. Current geodynamo computations effectively model sub-grid scale turbulence
by using isotropic viscous and thermal diffusion values significantly greater than the molecular values
of the Earth’s core. We consider a local turbulent dynamo model for the Earth’s core in which the mean
magnetic field, velocity and temperature satisfy the Boussinesq induction, momentum and heat equa-
tions with an isotropic turbulent Ekman number and Roberts number. The anisotropy is modelled only
in the thermal diffusion tensor with the Earth’s rotation and magnetic field as preferred directions.
Nonlocal organising effects of gravity and rotation (but not aspect ratio in the Earth’s core) such as an
inverse cascade and nonlocal transport are assumed to occur at longer length scales, which computations
may accurately capture with sufficient resolution. To investigate the implications of this anisotropy for
the proposed turbulent dynamo model we investigate the linear instability of turbulent magnetoconvec-
tion on length scales longer than the background turbulence in a rotating sphere with electrically insu-
lating exterior for no-slip and isothermal boundary conditions. The equations are linearised about an
axisymmetric basic state with a conductive temperature, azimuthal magnetic field and differential rota-
tion. The basic state temperature is a function of the anisotropy and the spherical radius. Elsasser num-
bers in the range 1–20 and turbulent Roberts numbers 0.01–1 are considered for both equatorial
symmetries of the magnetic basic state. It is found that anisotropic turbulent thermal diffusivity has a
strong destabilising effect on magneto-convective instabilities, which may relax the tight energy budget
constraining geodynamo models. The enhanced instability is not due to a reduction of the total diffusiv-
ity. The anisotropy also strengthens instabilities which break the symmetry of the underlying state,
which may facilitate magnetic field reversal. Geostrophic flow appears to suppress the symmetry break-
ing modes and magnetic instabilities. Through symmetry breaking and the geostrophic flow the aniso-
tropy may provide a mechanism of magnetic field reversal and its suppression in computational
dynamo models.

� 2017 Elsevier B.V. All rights reserved.

1. Introduction

Geodynamo simulations cannot achieve Earth core parameter
values, see for example Schaeffer et al. (2017). Approaches to
model sub-grid scale turbulence in computations for the Earth’s
liquid core include filtering techniques, scaling arguments and

parametrised models; see for example Braginsky and Roberts
(1995), Phillips and Ivers (2000), Matsushima (2001), Buffett
(2003), Matsui and Buffett (2005), Moffatt (2008), Calkins et al.
(2015), Aurnou et al. (2015), Aubert et al. (2017).

Turbulence modelling requires heuristic and inductive assump-
tions of varying plausibility, which are not rigorously deducible
from existing theory. Observational data or results of laboratory
experiments or computations at realistic values of core parameters
are not available as in atmospheric or oceanic turbulence, or in
engineering applications. We adopt the hypothesis of Braginsky

http://dx.doi.org/10.1016/j.pepi.2017.08.007
0031-9201/� 2017 Elsevier B.V. All rights reserved.

⇑ Corresponding author.
E-mail addresses: david.ivers@sydney.edu.au (D.J. Ivers), collin.phillips@sydney.

edu.au (C.G. Phillips).
URL: http://www.elsevier.com (C.G. Phillips).

Physics of the Earth and Planetary Interiors xxx (2017) xxx–xxx

Contents lists available at ScienceDirect

Physics of the Earth and Planetary Interiors

journal homepage: www.elsevier .com/locate /pepi

Please cite this article in press as: Ivers, D.J., Phillips, C.G. Effects of anisotropic turbulent thermal diffusion on spherical magnetoconvection in the Earth’s
core. Phys. Earth Planet. In. (2017), http://dx.doi.org/10.1016/j.pepi.2017.08.007

http://dx.doi.org/10.1016/j.pepi.2017.08.007
mailto:david.ivers@sydney.edu.au
mailto:collin.phillips@sydney.edu.au
mailto:collin.phillips@sydney.edu.au
http://www.elsevier.com
http://dx.doi.org/10.1016/j.pepi.2017.08.007
http://www.sciencedirect.com/science/journal/00319201
http://www.elsevier.com/locate/pepi
http://dx.doi.org/10.1016/j.pepi.2017.08.007


and Meytlis (1990) that core turbulence is anisotropic with the
thermal and viscous diffusivities of the mean temperature and
velocity enhanced in preferred directions to values comparable to
the molecular magnetic diffusivity (see Phillips and Ivers, 2000).
Davidson and Siso-Nadal (2002) found support for this picture in
the destruction of angular momentum in core turbulence. Local-
ized numerical simulations (St Pierre, 1996; Matsushima et al.,
1999; Matsui and Buffett, 2005), which find that the turbulent dif-
fusion is enhanced parallel to the rotation axis and the toroidal
magnetic field, also give support to this picture. Matsushima
et al. (1999) corrected the dispersion relation of Braginsky and
Meytlis (1990, Eq. (5.1)) for lower latitudes. We verify this and con-
sider its implications for turbulence with Earth-like values.

Anisotropic thermal and viscous diffusion in a rapidly rotating
electrically conducting fluid have been studied previously. The
thermal and viscous diffusion are modelled by r � ðj � rHÞ and
r � ðm � rvÞ, where j and m are the turbulent thermal and viscous
diffusion tensors respectively, and H and v are the mean tempera-
ture and velocity. More complicated viscous diffusion models are
possible in principle, where m is a rank-4 tensor, r � ðm � �rvÞ, or
includes the magnetic field r � ðm � �rv þ mm � �rBÞ, where B is the
mean magnetic field and mm is also a rank-4 tensor, and
½m � �rv�ij ¼ mijklvk;l, etc in Cartesian tensor form. However, even
the simpler model is computationally extremely difficult.
Brestensky et al. (2005) consider the linear stability of a horizontal
plane layer rapidly rotating about an axis perpendicular to the layer
with vertical gravity, an imposed azimuthal magnetic field about
the rotation axis and anisotropic thermal diffusion of the same form
as considered herein. The boundaries are perfectly conducting and
stress free. Modal expansions are possible for the solutions, which
strongly decouple the magnetic induction, momentum and heat
equations to yield a set of ordinary differential equations in the ver-
tical coordinate. This allows high resolution calculations. The work
has been extended in Brestensky et al. (2006) to include anisotropic
viscous diffusion proportional to the anisotropic thermal diffusion
in non-rotating and rotating thermal convection, and magnetocon-
vection in an applied uniform vertical magnetic field. Soltis et al.
(2006) consider the effects of such anisotropic viscous and thermal
diffusion on magnetoconvection in an applied uniform vertical
magnetic field and their implications for torsional oscillations in
the Earth’s core. In both papers it is assumed that jss=jzz ¼ mss=mzz,
where jss ¼ 1s � j � 1s; mss ¼ 1s � m � 1s, are components of j and m,
and ðs;/; zÞ are cylindrical polar coordinates with unit vectors 1s,
etc. Particularly noteworthy is the result of Brestensky et al.
(2006) that if jss=jzz ¼ mss=mzz � 1, then the inhibiting role of the
magnetic field is suppressed, convection enhanced and the
horizontal length scale is reduced, i.e. that an increase of the ther-
mal and viscous diffusion parallel to the rotation axis compared
to the transverse direction is de-stabilizing. Soltis and Brestensky
(2010) consider stationary rotating magnetoconvection in an
applied uniform horizontal magnetic field. They assume
D :¼ jxx=jzz ¼ mxx=mzz;jyy ¼ jzz and myy ¼ mzz, and find that both
the Braginsky-Meytlis anisotropy ðD < 1Þ and anisotropy due to
stratification ðD > 1Þ, as in a stratified layer at the top of the core,
facilitate convection and shorten horizontal width of rolls, but in
the stratification case the rolls are more perpendicular to the mag-
netic field than the rolls in the Braginsky-Meytlis case. Soltis and
Brestensky (2013) consider magnetoconvection in a plane layer
rotating about a horizontal axis in an applied uniform horizontal
magnetic field, valid near the equator. Donald and Roberts (2004)
considered the effects of anisotropic thermal diffusion on an inter-
mediate dynamo model driven by buoyancy. They found that iso-
tropy produced stronger magnetic field and thermal wind, and
suggested that anisotropy of order jss=jzz � 0:4 would more easily
maintain the magnetic field.

Core turbulence driven by compositional buoyancy has been
investigated by Loper and Moffatt (1993), Moffatt and Loper
(1994), Loper et al. (2003) and Chulliat et al. (2004). Moffatt
(2008) considered this type of core turbulence in the magne-
tostrophic approximation Ro ¼ 0 and E ¼ 0 at length-scales where
an a-effect regenerates the magnetic field. Nonlinear effects are
retained only through the advection of heat (Friedlander and
Vicol, 2011, Friedlander et al., 2013). Calkins et al. (2015) devel-
oped a quasi-geostrophic dynamo model using a multi-scale anal-
ysis which exhibits anisotropy due to widely differing length scales
parallel and perpendicular to the rotation axis. In these models the
turbulence is necessary for magnetic field generation unlike the
model we describe in Section 2.2.

In the present work we model the turbulent effects of thermal
advection by anisotropic turbulent thermal diffusivity enhanced
or diminished parallel to the rotation axis and the mean magnetic
field. Following Roberts and Glatzmaier (2000, p. 1118), we assume
that, since the Rossby number (defined below) Ro � 1, turbulent
momentum transport is not significant in the core, except in
boundary layers and possibly near the tangent cylinder. Hence ani-
sotropic viscous effects are confined to boundaries and the viscous
diffusivity is only isotropically enhanced in the fluid interior. This
assumption has some support in computational models, e.g.
Glatzmaier and Roberts (1995) and the Kuang and Bloxham
(1997). The turbulent viscosity still orders of magnitude larger
than molecular viscosity and ideally anisotropic viscous diffusion
should be incorporated in the model. But we expect the effects of
anisotropic heat transport in the core to be more significant and
consider anisotropic thermal diffusion in isolation first. We assume
that magnetic field generation occurs on resolvable length scales so
that no a-effect occurs on the length scales of the turbulence.

The core V is assumed to be well-mixed due to the turbulence so
that it is isentropic. The dimensional gravitational acceleration is
g ¼ �gcr=c, where gc is the gravitational acceleration at the core
surface, r is the position vector. The length, time, speed, magnetic
field and temperature are non-dimensionalised using the core
radius c, the magnetic diffusion time tg :¼ c2=g since we are inter-
ested in dynamo action, the magnetic diffusion speed V ¼ g=c, a
typical magnetic field value B ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l0q2Xg
p

and bHc, where bH is
a typical temperature gradient, l0 is the permeability of free space,
g is the magnetic diffusivity, q is the fluid density. The effect of the
centripetal acceleration is neglected. In the Boussinesq approxima-
tion the non-dimensionalised equations of momentum, magnetic
induction, heat, mass conservation and Gauss’s Law governing
the magnetic field B, the velocity v and the non-adiabatic temper-
ature H in the boundary frame rotating with uniform angular
velocity X are

Ro ð@tv þ v � rvÞ þ 1z � v ¼ �rpþ J� Bþ RHrþ Er2v ð1:1Þ
@tB ¼ r2Bþr� ðv � BÞ ð1:2Þ
@tHþ v � rH ¼ qr2Hþ Q ð1:3Þ
r � v ¼ 0; r � B ¼ 0; ð1:4Þ

where @t is the derivative with respect to time t, 1z is the unit vector
in the X direction, J ¼ r� B, the Rossby number Ro ¼ Eg :¼ g=2Xc2

where Eg is the magnetic Ekman number, R :¼ aHbHgcc
2=2Xg is a

modified Rayleigh number, E :¼ m=2Xc2 is the Ekman number,
q :¼ j=g is the Roberts number, j is the molecular thermal diffusiv-
ity, aH is the thermal expansivity, and Q is the heating rate per unit
volume. The ratio E=Eg ¼ m=g is the magnetic Prandtl number. The
magnetic Reynolds number Rg :¼ Vc=g ¼ 1. An aposteriori check
on the scaling is that v is Oð1Þ and B is Oð1Þ. The magnetic field

is matched to an insulating exterior bV , and the flow and tempera-
ture satisfy no-slip isothermal conditions on the core-mantle
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