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1. Introduction

The Randic index of a graph G, written R(G), is defined as follows:

1
RGO = ) Jawdw)’

uveE(G)

where for a vertex v € V(G), d(v) is the degree of v. The concept was introduced by Milan Randi¢ under the name “branching
index " or “connectivity index ” in 1975 [ 18], which has a good correlation with several physicochemical properties of alkanes.
In 1998 Bollobas and Erdds [5,6] generalized this index by replacing —% with any real number «, which is called the general
Randi¢ index. There are also many other variants of Randi¢ index [ 10,12,19]. For more results on Randi¢ index, see the survey
papers [14,17].

Many important mathematical properties of Randi¢ index have been established. Especially, the relations between Randi¢
index and other graph parameters have been widely studied, such as the minimum degree [5], the chromatic index [15], the
diameter [10,20], the radius [8], the average distance [8], the eigenvalues [4,2], and the matching number [2].

In 1988, Shearer proved if G has no isolated vertices then R(G) > /|V(G)|/2 (see [11]). A few months later Alon improved
this bound to /[V(G)| — 8 (see [11]). In 1998, Bollobas and Erdés [5] proved that the Randi¢ index of an n-vertex graph G
without isolated vertices is at least «/n — 1, with equality if and only if G is a star. In [ 11], Fajtlowicz mentioned that Bollobas
and Erdos asked the minimum value for the Randi¢ index in a graph with given minimum degree. Then the question was
answered in various ways [1,9,13,16]. _

For a graph G, we denote its complement by G, which is a graph with the same vertex set of G such that two distinct
vertices of G are adjacent if and only if they are not adjacent in G. We also denote by K, the complete graph with n vertices
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and by K;, — e the graph obtained from the complete graph K;, by deleting an edge. A graph is (a, b)-biregular if it is bipartite
with the vertices of one part all having degree a and the others all having degree b.

Aouchiche et al. [3] studied the relations between Randi¢ index and the minimum degree, the maximum degree, and
the average degree, respectively. They proved that for any connected graph G on n vertices with minimum degree d and
maximum degree D, then R(G) > HLDn.

In this paper, we prove that if G is an n-vertex graph with minimum degree d and maximum degree D, then R(G) >
ﬂn which improves the result of Aouchiche et al. in [3]; equality holds only when G is an n-vertex (d, D)-biregular.
Furthermore, we show that if G is an n-vertex connected graph with minimum degree d and maximum degree D, then

2
RG) <5 — ZID:}]%(% _ ﬁ) ; it is sharp for infinitely many n.

2. Main results

In this section, we first give a sharp lower bound for R(G) in an n-vertex graph with given minimum and maximum degree,
improving the one that Aouchiche et al. [3] proved.

Theorem 2.1. If G is an n-vertex graph with minimum degree d and maximum degree D, then R(G) > d@gn. Equality holds only
when G is an n-vertex (d, D)-biregular.

Proof. For eachi € {d, ..., D}, let V; be the set of vertices with degree i, and let n; = |V;|. Note that

D
Zni:n. (1)
i=d

Let my = |[V;, Vjl| foralli,j € {d, ..., D}, where [A, B] is the set of edges with one end-vertex in A and the other in B.
Since G has minimum degree d and maximum degree D, we have

M
R(G) = = (2)
dg%‘:gD \/E

For fixed i, the degree sum over all vertices in V; can be computed by counting the edges between V; and V; over all
jeld,...,D};

D
inj = my + Z mjj. (3)

Note that m; must be counted twice.
By manipulating equation (3), we have the followings:

D
dng = (mgq + 21: md] = Ng — T mdd + Z md] (4)
j=
Dnp = (mpp + Zij) = np— —— mDD + Z mjp) (5)
j=1 j=d+1
1 D
n = ?(mu + Z my) (6)
By Egs. (1) and (6), we have
D—1 -1 D
na+nD=n—‘Z nz:n—.Z ?(mfermej)- (7)
i=d+1 i=d+1 j=d
By combining Eqs. (4), (5), and (7), we have
D—1 D
D Mgp d+D
Mg = = +mp— 2 —Zf(m,ﬂrzmy) (dD >mdD
i=d+1 j=d
D-1 D
= —(maq + Zdjmw o (mop + .dzﬁ mp) =
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