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1. Introduction and background

Let G = (V, E) be a simple connected graph with vertex set V(G) and edge set E(G). For vertices u, v € V, the distance
d(u, v) is defined as the length of a shortest path between u and v in G. The length of a path or a cycle is the number of its
edges. Other notations and terminologies used in the paper can be found in [1].

A topological index is a real number related to a graph. It must be a structural invariant, i.e., it preserves by every graph
automorphisms. Several topological indices have been defined and many of them have found applications as means to model
chemical, pharmaceutical and other properties of molecules.

The Wiener index is the first topological index based on graph distances [33] which was proposed in 1947. The Wiener
index is defined as the sum of all distances between vertices of the graph under consideration. For more information on the
Wiener index, the chemical applications of the index and its history, see [5,6,8,9]. The Pl index was proposed by Khadikar [ 14]
in 2000. The PI index is one topological index related to equidistance of vertices or parallelism of edges. It is very simple to
calculate and has discriminating power in some molecular graphs. The detailed applications of Pl indices between chemistry
and graph theory are investigated in [4,11,15,16,19,22-25,31,36].

For each edge e = uv € E(G), let n,(e|G) be the number of vertices in G whose distance to the vertex u is smaller than the
distance to the vertex v, and similarly, let n,(e|G) be the number of vertices in G whose distance to the vertex v is smaller
than the distance to the vertex u. The vertex PI index of a graph G, proposed in [18], is defined as

PL(G)= ) [m(elG)+ n(elG)].
e=uveE(G)

There are nice results regarding vertex Pl index in the study of computational complexity and the intersection between graph
theory and chemistry, see [2,12,17,18,20,21,26,27,30,32]. One of the oldest degree-based graph invariants is the first Zagreb
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Fig. 1. Left is 0co,(q, r). Right is By ; .

indices [3,7,34], defined as follows:

= ) déw)

ueV(G)

where dg(u) denotes the vertex degree of u. The vertex PI index, Zagreb indices and their variants have been used to study
molecular complexity, chirality, in QSPR and QSAR analysis, see [7,16].

In order to increase diversity for bipartite graphs, Ili¢ and Milosavljevi¢ [13] introduce the weighted vertex PI index as
follows:

PL,(G) = Z (dg(u) + d(v))(nu(elG) + ny(e|G)).

e=uveE(G)

For any edge e of a bipartite graph, n,(e|G) + n,(e|G) = n. Therefore the diversity of the vertex PI index is not satisfied for
bipartite graphs. The inequality PI,(G) < n - m holds for any graph G with n vertices and m edges [ 18], with equality holds if
and only if G is bipartite. This is why the weighted vertex Pl index was introduced. If G is a bipartite graph, then

—nZd

ueV(G)

This means that the weighted vertex PI index is directly connected to the first Zagreb index.

In [13], the authors show that among all connected graphs with n vertices, PI,(G) > n(4n — 6), with equality holds if
and only if G = Py, and PI,(G) < 4 with equality holds if and only if 3|n and G = I(g 11 In the same paper, the exact
expressions for the weighted vertex PI index of the Cartesian product of graphs are also given. In [35], the authors give the
lower and upper bounds on the weighted vertex PI index of connected unicyclic graphs and characterize the corresponding
extremal graphs. In [28], the exact formula for the weighted vertex PI index of corona product of two connected graphs is
obtained. In [29], the exact formulas for the weighted vertex PI index of generalized hierarchical product and join of two
graphs are obtained.

Denote by B, the set of all connected bicyclic graphs with order n. Let co,(q, r) be the bicyclic graph obtained by the
coalescence of two end vertices of a path P,_q_ 4, with one vertex of two cycles C; and C; respectively, see left of Fig. 1.
Let Py = Pgy1 = XoX1---Xq, Py = Pry1 = YoY1---Yr. P3 = Ps11 = 2021 - - - Z; be three paths. Let By, s be the bicyclic graph
obtained from P; U P, U P by identifying Xo, yo, Zo as a new vertex a, and by identifying x4, y:, z; as a new vertex b, see right
of Fig. 1. Clearly, any bicyclic graph must contain either graph ooy(q, r) or graph B, s as an induced subgraph, called them
braces. Then B, can be partitioned into two subsets Bl and B2, where B! is the set of all bicyclic graphs which contain a brace
of the form ocoy(g, r), and B2 is the set of all bicyclic graphs Wthh contain a brace of the form By , ;.

In Theorem 1, the upper bound on the weighted vertex Pl index and the corresponding extremal graphs of bicyclic graphs
are given. In Theorem 2, the lower bound on the weighted vertex Pl index and the corresponding extremal graphs of bicyclic
graphs are given. Let By, s(a)S+1 denote the graph obtained by identifying the vertex a of By ; s with the center of the star
St+1-

Theorem 1. For any graph G € By,

n—n’>+24 n>9

<
Pu(G) = {n3—3n2+20n 5<n<S8.

When n > 9, the equality holds if and only if G = Bj32(a)Sq—3. When 5 < n < 8, the equality holds if and only if
G = By 22(a)Sy—4.
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