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Hypercube

Next, we consider the integrity I(Q,) of the hypercube, defined as
[(Q) = min{|S| + m(Q, \ S) : S € V(Qu)},

where m(H) denotes the number of vertices in the largest connected component of H.
Beineke, Goddard, Hamburger, Kleitman, Lipman and Pippert showed that c% <1(Qn) <

Network vulnerability

C % log n and suspected that their upper bound is the right value. We prove that the truth

lies below the upper bound by showing that I(Q,) < C % Jlogn.
© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Throughout the paper we will use standard notation. For an integer n > 1 we will write [n] for the set {1,2,...,n},

P(n) for its power set and (') for the collection of subsets of size k. For [ J_, (") (resp. 3"k, (%)) we will use the shorthand

/
notation (%}) (resp. (). C

For an integer n > 1 the graph Q,, the hypercube of dimension n, has vertex set V(Q,) = {0, 1}" and two vertices are
connected if they only differ in one coordinate. There is a natural bijection between the vertex set of Q,, and P(n), and we will
use them interchangeably. Here we consider several enumerative and extremal properties of vertex subsets of this graph by
surveying two problems related to the structure of subsets of the hypercube.

1.1. Enumerative problems

We say that a family F € P(n) shatters a set S C [n] if forall A C S there existsaset B € F withBNS = A. Let
Sh(F) := {S C [n] : F shatters S}. The Vapnik-Chervonenkis dimension, VC-dimension for short, of a family ¥ € P(n) is
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defined as
VC(F) = max{|S| : F shatters S}.

Pajor’s version [ 14] of the Sauer-Shelah lemma states that we always have [Sh(F)| > |F|. We say that a family 7 C P(n)
is (shattering-)extremal if |Sh(F)| = |F|. For example, if F is a down-set (meaning that whenever A € F and B C A, we
have B € F) then it is extremal, simply because in this case Sh(F) = F. For an integer k > 0 let ExVC(n, k) be the number
of extremal families in (n) with VC dimension at most k. The study of these extremal families was initiated by Bollobas,
Leader and Radcliffe [5]. Their work was then continued, among others, by Bollobas and Radcliffe [6], by Frankl [8] and more
recently by Kozma and Moran [11] and by Mészaros and Réonyai [12,13,15].

The Sauer-Shelah lemma [ 16] states that for any family 7 C P(n) we have | F| < (<Vg(]—"))' A family is called maximum if

|F| = (<Vg( f)). Maximum families serve as important examples in the theory of machine learning. They have several nice

properties, among others, every maximum family is clearly extremal. Frankl [7] raised the question of estimating m(n, k),
the number of maximum families in P(n) of VC dimension k, and showed that

206D < mn, k) < 27D,
Alon, Moran and Yehudayoff [ 1] showed that for constant k > 2 we have, as n — oo, that
n(H e ®) < min, k) < p0+@ | (1.1)

We close the gap and show that the upper bound of (1.1) is correct, even if we allow k to grow as k = n°1,

Theorem 1.1. Let k = n°V). Then m(n, k) = n(1+°(().

A matching inagraph G = (V, E)isasetof edges M C E without any common vertices. An induced matching is a matching
such that no endpoints of two edges of M are joined by an edge of G. For an integer k > 0 let ([Z]) be the collection of those
vertices of Q, which contain precisely k ones. We will refer to these collections for different values of k as the layers of the
hypercube Q. Let further IndMat(n, k) be the number of induced matchings in Q, between the layers ('}') and (/}). Our
next result concerns the quantities IndMat(n, k) and EXVC(n, k). We show that the asymptotics of the logarithm of these two

quantities and of m(n, k) have the same value, and that these three functions follow a hierarchy:

Theorem 1.2. Let k = n°"), Then

n+MG) < mdMat(n, k) < m(n, k) < EXVC(n, k) < n(1+o0G)

1.2. The integrity of Q,

Next we consider the problem of finding a small set S C {0, 1}" such that all connected components of Q,,\ S are small. For
a graph H let m(H) denote the maximum number of vertices in a component of H. The integrity I(G) of a graph G, introduced
by Barefoot, Entringer and Swart [2] to measure the vulnerability of a network, is defined by

I(G) = min{|S| + m(G\ S) : S € V(G)}.

In [9] it was conjectured that for the hypercube we have I(Q,;) = 2"~! + 1, but Beineke, Goddard, Hamburger, Kleitman,
Lipman and Pippert [3] disproved this conjecture and obtained the following bounds:

Theorem 1.3 (Beineke, Goddard, Hamburger, Kleitman, Lipman, Pippert). There exist constants ¢, C > 0 such that

21’! 21’1

c— <1 < C——=logn.
N (Q) = NG g
Their upper bound was obtained by a series of ‘orthogonal’ cuts. They picked log,n points X1, X2, . . ., Xjog,n € {0, 1}" at

pairwise distance n/2 and defined the set S to consist of all points that have distance exactly n/2 to at least one x;. They
suspected this natural construction to be of the correct order of magnitude. We show that the true value of I(Q,) lies below
their upper bound. Instead of orthogonal cuts given by balls of radius n/2 around some carefully chosen points, we consider
balls of radius slightly smaller than n/2 around a randomly chosen collection of points.

Theorem 1.4. There exists a constant C > 0 such that the integrity of the hypercube satisfies
211

I <C——4/logn.

(Q) = \/ﬁ¢ g

This note is organized as follows. We prove Theorems 1.1 and 1.2 in Section 2 and Theorem 1.4 in Section 3. We often
omit floor and ceiling signs when they are not crucial, to increase the clarity of our presentation.
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