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a b s t r a c t

In this paper, we define different kinds of singular systems on Lie groups and we analyze some of them.
Furthermore, we state sufficient conditions for a general nonlinear singular system defined on amanifold
to be equivalent by diffeomorphism to one of these models. Some examples are computed.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

The purpose of this paper is to design models of nonlinear
singular systems by means of the so-called linear systems on
Lie groups, which are actually nonlinear, despite their name that
comes from their similarity with linear systems in Rn.

More accurately a control-affine system on a Lie group is said
to be linear if its drift is an infinitesimal automorphism (see Bour-
baki [1]), called linear vector field in a geometric control context,
and the controlled fields are right (or left)-invariant. Thanks to the
Equivalence Theorem of [2] these systems appear as models for a
large class of nonlinear systems: the finite ones, that is the systems
whose generated Lie algebra is finite dimensional. To be more
precise the Equivalence Theorem states that (under some technical
assumptions) a finite system is equivalent by diffeomorphism to a
linear system on a Lie group or a homogeneous space.

It is worthwhile to notice that in order to state the Equivalence
Theorem in its full generality it is necessary to extend the definition
of linear systems to homogeneous spaces.

On the other hand linear and nonlinear singular equations and
control systems have attracted a lot of interest under different
names: differential–algebraic equations (DAE) or systems, descrip-
tors, degenerate systems. Good accounts of the linear theory can be
found in the books [3,4]. The more recent book [5] deals also with
nonlinear DAE, analyzed through linearization (for this approach
see also [6,7]) and contains a detailed bibliography. Our approach is
more geometric (see for instance [8–11]) but opposite towhat hap-
pens for general nonlinear differential–algebraic systems defined
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on manifolds, the Lie structure allows us to get a natural splitting
into the differential and algebraic parts, which is moreover global.
The counterpart is that we deal with systems that generate a finite
dimensional Lie algebra only.

Our goal to design models of nonlinear singular systems is
reached in three steps:

1. The first one consists in defining models of singular linear
systems on a Lie group G, that is systems of the kind

Eg .ġ = Xg + Yg +

m∑
j=1

ujY j
g

where X is a linear vector field, Y and the Y js are right-
invariant, and Eg is a noninvertible linear map defined on
each tangent space TgG. They were introduced in [12] in the
case where E is a derivation of the Lie algebra g of G and
Eg = TRg .E.TRg−1 .

2. In a second step we should analyze these models. This
analysis is not essential to state an equivalence theorem
but it validates the interest of the models. They would be
worthless if their analysis was not possible.

3. To finishwe have to state and prove the equivalence of finite
singular systems with our models after having checked that
can be extended to homogeneous spaces.

The first step is realized in Section 3, after having recalled the
basic definitions in Section 2. It is natural to require that the
linear mapping Eg that acts on the tangent space TgG be related
to the Lie structure. This leads to Eg = TRg .E.TRg−1 where E is
a derivation or a noninvertible morphism of the Lie algebra g of
G. Another possibility is to define a singular linear system using a
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noninvertible Lie group morphism θ , that is to consider systems of
the kind

Tgθ.ġ = Xθ (g) + Yθ (g) +

m∑
j=1

ujY
j
θ (g).

These systems are quite different from the previous ones, in partic-
ular the usual existence and uniqueness of the solutions does not
hold.

Section 4 is devoted to the analysis of singular systems defined
by Lie algebra morphisms. It is shown that under some additional
(but natural) assumptions these systems can be analyzed, that is
decomposed into a nonsingular part and an algebraic one. As well
the additional assumptions than the analysis itself are close to the
usual ones for singular linear systems inRn. The analysis of singular
systems defined by a derivation has been previously made in [13]
and the one of singular systems defined by Lie groupmorphisms is
postponed to Section 7.

The third step is done in Section 6 where the equivalence
theorem is stated. Its proof, that makes use of the Equivalence
Theorem of [2] recalled in the Appendix, follows the technical
Section 5 where it is shown that the models defined by derivation
or morphism can be extended to homogeneous spaces.

Section 7 deals with the group morphism case. As explained
above the reasons to deal with these systems in a different part are
that on the one hand their analysis is very easy but on the other one
the proof of the equivalence Theorem is quite different for them.
They have also the drawback that neither the existence nor the
uniqueness of the solutions are guaranteed.

Two examples are presented in Section 8. The first one is a de-
composition into thehorizontal and the vertical part of amorphism
model on the 2-dimensional affine group. In the second example an
algebraic system on the Heisenberg group is solved.

2. Basic definitions and notations

In this section the definition of linear vector fields and some of
their properties are recalled. More details can be found in [2] (see
also [14]).

Let G be a connected Lie group and g its Lie algebra (the set of
right-invariant vector fields, identified with the tangent space at
the identity).

The right (resp. left) translation by g ∈ G is denoted by Rg
(resp. Lg ) and its differential at the point h by ThRg , or by TRg if no
confusion can happen (resp. ThLg or TLg ).

A vector field on G is said to be linear if its flow is a one parameter
group of automorphisms. Notice that a linear vector field is conse-
quently analytic and complete.

The following characterization will be useful in the sequel.

Characterization of linear vector fields
Let X be a vector field on a connected Lie group G. The following

conditions are equivalent:

1. X is linear;
2. X belongs to the normalizer of g in the algebra Vω(G) of

analytic vector fields of G, that is

∀Y ∈ g [X , Y ] ∈ g, (1)

and verifies X (e) = 0;
3. X verifies

∀g, g ′
∈ G Xgg ′ = TLg .Xg ′ + TRg ′ .Xg (2)

According to (1) one can associate to a given linear vector field
X the derivation D of g defined by:

∀Y ∈ g DY = −[X , Y ],

that is D = −ad(X ). The minus sign in this definition comes from
the formula [Ax, b] = −Ab in Rn. It also enables to avoid a minus
sign in the formula:

∀Y ∈ g, ∀t ∈ R ϕt (exp Y ) = exp(etDY ),

where (ϕt )t∈R stands for the flow of X .
An affine vector field is an element of the normalizer N of g in

Vω(G), that is

N = normVω(G)g = {L ∈ Vω(G); ∀Y ∈ g, [L, Y ] ∈ g},

so that an affine vector field is linear if and only if it vanishes at the
identity.

It can be shown (see [2]) that an affine vector field can be
uniquely decomposed into a sum L = X + Y where X is linear
and Y right-invariant.

Let X be a linear vector field and F its translation to the tangent
space at the identity, that is Fg = TRg−1 .Xg for all g ∈ G. The
following formulas are computed in [15].

1. The differential of F at the point g is:

TgF = (D + ad(Fg )) ◦ TRg−1 . (3)

2. For g = exp(tY ) one has

F (exp tY ) =

+∞∑
k=1

(−1)k−1 t
k

k!
adk−1(Y )DY . (4)

Let us consider now the nonlinear control system on amanifold
M:

ẋ =
d
dt

x = f (x) +

m∑
j=1

ujgj(x),

where f and the gj’s are smooth vector fields, and u = (u1, . . . , um)
belongs toRm. LetL be the Lie algebra of vector fields generated by
f and the gjs. The rank of the system at a point x is the dimension
of {ξ (x); ξ ∈ L}. The system satisfies the rank condition if
this rank is equal to the dimension of M at all points, that is if
{ξ (x); ξ ∈ L} = TxM for all x ∈ M .

The admissible inputs are the locally essentially bounded func-
tions from [0, +∞[ to Rm.

3. Different types of singular systems on Lie groups

Let us consider a linear system on a Lie group G. It has the
following form:

ġ = Xg + Yg +

m∑
j=1

ujY j
g , (5)

whereX is a linear field on G and Y and the Y j’s are right-invariant.
The drift vector field is here the affine vector field X + Y and the
system is right-invariant if X = 0.

This system becomes a singular one if some noninvertible map-
ping is applied to ġ . In the paper [12] the authors consider a
derivation E of the Lie algebra g of G (identified with the tangent
space TeG at the identity) and define the singular system as

Eg .ġ = Xg + Yg +

m∑
j=1

ujY j
g , (6)

where Eg = TRg ◦ E ◦ TRg−1 .
Another possibility is to replace the derivation E by a noninvert-

ible Lie algebra morphism P , that is to consider the model

Pg .ġ = Xg + Yg +

m∑
j=1

ujY j
g , (7)
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