
JID:YJDEQ AID:9359 /FLA [m1+; v1.283; Prn:30/05/2018; 10:21] P.1 (1-25)

Available online at www.sciencedirect.com

ScienceDirect

J. Differential Equations ••• (••••) •••–•••
www.elsevier.com/locate/jde

Infinitely many non-radial solutions to a critical 

equation on annulus

Yuxia Guo a, Benniao Li b, Angela Pistoia c,∗, Shusen Yan b

a Department of Mathematical Science, Tsinghua University, Beijing, PR China
b Department of Mathematics, The University of New England, Armidale, NSW 2351, Australia

c Dipartimento SBAI, Via Scarpa 16, Roma, Italy

Received 4 April 2018

Abstract

In this paper, we build infinitely many non-radial sign-changing solutions to the critical problem:

⎧⎨
⎩ −�u = |u| 4

N−2 u, in �,

u = 0, on ∂�,
(P )

on the annulus � := {x ∈ R
N : a < |x| < b}, N ≥ 3. In particular, for any integer k large enough, we build 

a non-radial solution which look like the unique positive solution u0 to (P ) crowned by k negative bubbles 

arranged on a regular polygon with radius r0 such that r
N−2

2
0 u0(r0) =: max

a≤r≤b
r

N−2
2 u0(r).
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1. Introduction

This paper deals with the existence of solutions to the critical elliptic problem:

{
−�u = |u| 4

N−2′ u, in �,

u = 0, on ∂�,
(1.1)

where � is a bounded domain in RN and N ≥ 3.
It is well known that the geometry of the domain � plays a crucial role in the solvability 

of the problem (1.1). Indeed, if � is a star-shaped domain, the classical Pohozaev identity [30]
implies that (1.1) does not have any solutions. While if � = {x ∈ R

N : a < |x| < b} is an annu-
lus, Kazdan and Warner [21] found a positive solution and infinitely many radial sign-changing 
solutions. Without any symmetry assumptions, the existence of solutions is a delicate issue. The 
first existence result is due to Coron in [10] who proved that problem (1.1) has a positive solu-
tion in domain � with a small hole. Later, Bahri and Coron in [2] proved that actually a positive 
solution always exists as long as the domain has non-trivial homology with Z2-coefficients. How-
ever, this last condition is not necessary since solutions to problem (1.1) in contractible domains 
have been found by Dancer [11], Ding [17], Passaseo [28,29] and Clapp and Weth [6]. The exis-
tence of sign-changing solutions is an even more delicate issue and it is known only for domains 
which have some symmetries or a small hole. The first existence result is due to Marchi and 
Pacella [24] for symmetric domains with thin channels. Successively, Clapp and Weth [6] found 
sign-changing solutions in a symmetric domain with a small hole. A first attempt to remove the 
symmetry assumption is due to Clapp and Weth [7], who found a second solution to (1.1) in a 
domain with a small hole but they were not able to say if it changes sign or not. Sign-changing 
solutions in a domain with a small hole have been found by Clapp, Musso and Pistoia in [8]. 
Recently, Musso and Pistoia [25] and Ge, Musso and Pistoia [18] (see also [19]) proved that in a 
domain (not necessarily symmetric) with a small hole the number of sign-changing solutions to 
problem (1.1) becomes arbitrary large as the size of the hole decreases. The existence of a large 
number of sign-changing solutions in a domain with a hole of arbitrary size is due to Clapp and 
Pacella in [5], provided the domain has enough symmetry.

It is largely open for the problem of the existence of infinitely many sign-changing solutions 
in a general domain with non-trivial homology in the spirit of the famous Bahri and Coron’s 
result.

Here, we will focus on the existence of infinitely many sign-changing solutions to problem 
(1.1) when � := {x ∈R

N : a < |x| < b} is an annulus. The existence of infinitely many radial so-
lutions was established by Kazdan and Warner in [21]. On the other hand, an annulus is invariant 
under many group actions and then it is natural to expect non-radial solutions which are invariant 
under these group actions. Indeed, Y.Y. Li in [22] improved a previous result by Coffman [9] and 
he found for any integer k ≥ 1 in a sufficiently thin annulus some non-radial solutions which are 
invariant under the action of the group Gk × O(N − 2), when N ≥ 4. Here O(N − 2) denotes 
the group of orthogonal (N − 2) × (N − 2) matrices and Gk is the subgroup of matrices which 
rotates R2 with angles equal to integer multiple of 2π

k
. Recently, Clapp in [4] found infinitely 

many non-radial solutions which are invariant under the action of a suitable group whose orbits 
are infinite, provided N = 4 or N ≥ 6.
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