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Abstract

In this paper, we mainly investigate the critical points associated to solutions u of a quasilinear elliptic 
equation with nonhomogeneous Dirichlet boundary conditions in a connected domain � in R2. Based on the 
fine analysis about the distribution of connected components of a super-level set {x ∈ � : u(x) > t} for any 
min∂� u(x) < t < max∂� u(x), we obtain the geometric structure of interior critical points of u. Precisely, 
when � is simply connected, we develop a new method to prove �k

i=1mi + 1 = N , where m1, · · · , mk are 
the respective multiplicities of interior critical points x1, · · · , xk of u and N is the number of global maximal 
points of u on ∂�. When � is an annular domain with the interior boundary γI and the external boundary 
γE , where u|γI = H, u|γE = ψ(x) and ψ(x) has N local (global) maximal points on γE . For the case 
ψ(x) ≥ H or ψ(x) ≤ H or min

γE
ψ(x) < H < max

γE

ψ(x), we show that �k
i=1mi ≤ N (either �k

i=1mi = N

or �k
i=1mi + 1 = N ).
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1. Introduction and main results

In this paper we mainly investigate the interior critical points of solutions to the following a 
quasilinear elliptic equation

Lu =
2∑

i,j=1
aij (∇u) ∂2u

∂xi∂xj
= 0 in �, (1.1)

where � is a bounded, smooth and connected domain in R2, aij is smooth and L is uniformly 
elliptic in �.

The subject of critical points is a significant research topic for solutions of elliptic equations. 
Until now, there are many results about the critical points. In 1992 Alessandrini and Magnanini 
[1] studied the geometric structure of the critical set of solutions to a semilinear elliptic equa-
tion in a planar nonconvex domain, whose boundary is composed of finite simple closed curves. 
They deduced that the critical set is made up of finitely many isolated critical points. In 1994, 
Sakaguchi [19] considered the critical points of solutions to an obstacle problem in a planar, 
bounded, smooth and simply connected domain. He showed that if the number of critical points 
of the obstacle is finite and the obstacle has only N local (global) maximum points, then the 
inequality �k

i=1mi + 1 ≤ N (the equality �k
i=1mi + 1 = N ) holds for the critical points of one 

solution in the noncoincidence set, where m1, m2, · · · , mk are the multiplicities of critical points 
x1, x2, · · · , xk respectively. In 2012 Arango and Gómez [3] considered critical points of the so-
lutions to a quasilinear elliptic equation with Dirichlet boundary condition in strictly convex and 
nonconvex planar domains respectively. If the domain is strictly convex and u is a negative so-
lution, they proved that such a critical point set has exactly one nondegenerate critical point. 
Moreover, they obtained the similar results of a semilinear elliptic equation in a planar annular 
domain, whose boundary has nonzero curvature. See [2,5,6,9–12,14–17] for related results.

Concerning the Neumann and Robin boundary value problems, there exist a few results about 
the critical points of solutions to elliptic equations. In 1990, Sakaguchi [18] proved that a solution 
of Poisson equation with Neumann or Robin boundary condition has exactly one critical point in 
a planar domain. In 2017, Deng, Liu and Tian [8] showed the nondegeneracy and uniqueness of 
the critical point of a solution to prescribed constant mean curvature equation with Neumann or 
Robin boundary condition in a smooth, bounded and strictly convex domain � of Rn(n ≥ 2).

For the higher dimensional cases. Under the assumption of the existence of a semi-stable 
solution of Poisson equation −�u = f (u), Cabré and Chanillo [4] showed that the solution u has 
exactly one nondegenerate critical point in bounded, smooth and convex domains of Rn(n ≥ 2). 
Deng, Liu and Tian [7] investigated the geometric structure of critical points of solutions to 
mean curvature equations with Dirichlet boundary condition and showed that the critical point 
set K has exactly one nondegenerate critical point in a strictly convex domain of Rn(n ≥ 2) and 
K has (respectively, has no) a rotationally symmetric critical closed surface S in a concentric 
(respectively, an eccentric) spherical annulus domain of Rn(n ≥ 3).

However, as we know, there is few work on the critical points of solutions to quasilinear 
elliptic equations with nonhomogeneous Dirichlet boundary conditions. The goal of this paper is 
to study the critical points of solutions to a quasilinear elliptic equation with nonhomogeneous 
Dirichlet boundary conditions. Our main results are as follows.
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